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Abstract
We introduce the notion of a quantum locally compact metric space, which is the noncommutative
analogue of a locally compact metric space, and generalize to the non-unital setting the notion of quan-
tum metric spaces introduced by Rieffel. We then provide several examples of such structures, including
the Moyal plane, compact quantum metric spaces and locally compact metric spaces. This paper provides
an answer to the question raised in the literature about the proper notion of a quantum metric space in
the non-unital setup and offers important insights into noncommutative geometry for non-compact quan-
tum spaces.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction
Noncommutative metric geometry is the study of noncommutative generalizations of algebras
of Lipschitz functions on metric spaces. Inspired by the work of Connes [6,7], Rieffel intro-
duced in [29,30] the notion of a compact quantum metric space and in [33] a generalization of
the Gromov–Hausdorff distance [16], thus providing in [21,32] a meaning to many approxima-
tions of classical and quantum spaces by matrix algebras found in the physics literature (see
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C∗-algebras (a sample of which is [25,31,34,36,35]). Our work in this paper offers an answer
to the problem of finding a noncommutative analogue for Lipschitz algebras on locally compact
metric spaces, in preparation for the notion of Gromov–Hausdorff convergence for quantum lo-
cally compact metric spaces which we lay out in a coming paper [23]. Non-compact locally
compact quantum spaces with candidates for metrics arise naturally in various domains. In
physics, the Moyal plane [5,13,24] has been equipped with a natural spectral triple and we prove
in this paper that it gives the Moyal plane the structure of an unbounded quantum locally com-
pact metric space . Other examples of interest whose study is postponed to later papers, but which
hint at the scope of the notion we introduce in this article, are the C∗-algebra for space–time un-
certainty relations [10,28], cross-products on non-compact spaces [3], C∗-algebras of foliations
and many more. Thus in particular, our work provides the foundation for metric noncommutative
geometry in all these contexts.
Our work is based on the extension to the noncommutative setting of the following picture. Let
(X,m) be a locally compact metric space. For any function f : X →R, we define the Lipschitz
constant of f as
Lipm(f ) = sup
{ |f (y)− f (x)|
m(y,x)
: x, y ∈ X, x = y
}
.
The function Lipm is a seminorm on its domainL= {f : X →R: Lipm(f ) < ∞}, and this domain
is in fact a subalgebra of the algebra of all R-valued continuous functions on X. If, in particular,
(X,m) is compact, then L is a dense subalgebra of the self-adjoint part of the C∗-algebra C(X)
of C-valued continuous functions on X. If (X,m) is locally compact but not compact, then
Gel’fand duality theory suggests that the proper replacement for C(X) is the C∗-algebra C0(X)
of continuous C-valued functions on X, vanishing at infinity. In this case, the subset L0 of L
consisting of Lipschitz functions vanishing at infinity, is a dense subalgebra of the self-adjoint
part of C0(X).
A central observation to noncommutative metric geometry is that the distance m can be re-
covered from its associated Lipschitz seminorm. To this end, one constructs a metric on the state
space S (C0(X)), i.e. the set of all integrals against Radon probability measures on X. While
there are many metrics on this space [4,11], the one of particular interest for our purpose is
the extended Monge–Kantorovich metric introduced by Kantorovich in [18]. Kantorovich and
Rubinstein proved in [19] that this metric can be defined as
mkLipm : μ,ν ∈S
(
C0(X)
) → sup{∣∣μ(f )− ν(f )∣∣: f ∈ C0(X) and Lipm(f ) 1}. (1.1)
It is easy to check that the restriction of mkLipm to the set X identified with the set of Dirac
probability measures over X is indeed m. Moreover, mkLipm has a very good topological property
when (X,m) is compact: the topology it induces on S (C(X)) is the weak∗ topology.
The analogue of a compact metric space, introduced by Rieffel in [29], is thus a pair (A,L) of
an order-unit space A (i.e. a subspace of the self-adjoint part of a unital C∗-algebra, containing
the unit) and a densely defined seminorm L on A with the properties that the distance defined
on the state space S (A) of A by the analogue of Identity (1.1), with Lipm replaced with L and
C0(X) by A, gives S (A) a finite radius and the weak∗ topology. This leads to a rich theory as
illustrated, for example, in [33,32,21].
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locally compact metric space [22]. The first and evident problem is that the state space of a non-
unital C∗-algebra is not a weak∗ locally compact space. The second matter is that the Monge–
Kantorovich construction no longer gives a distance, but rather an extended metric, i.e. it takes the
value ∞ on some pairs of probability measures. Last, even if one restricts attention to bounded
subsets of the state space for the extended Monge–Kantorovich metric, the topology induced by
the metric is usually strictly stronger than the weak∗ topology. All these matters are attributable
to one main feature of the non-compact case: points, and more generally probability measures,
can escape at infinity.
In [22], a first approach to this problem was chosen, where the extended Monge–Kantorovich
metric is replaced by a bounded form called the bounded-Lipschitz distance. A summary of the
main result of our paper [22] for our current purpose is given by:
Theorem 1.1. (See [22].) Let A be a separable C∗-algebra with norm ‖ · ‖A and let B be a
bounded total subset of the self-adjoint part of A. For any two states ϕ,ψ of A we define
blB(ϕ,ψ) = sup
{∣∣ϕ(a)−ψ(a)∣∣: a ∈B}.
Then blB is a distance on the state space S (A) and the following are equivalent:
• The distance blB metrizes the restriction of the weak∗ topology σ(A∗,A) to S (A).
• There exists a strictly positive h of A such that the set hBh is totally bounded for ‖ · ‖A.
• For any strictly positive element h of A, the set hBh is totally bounded for ‖ · ‖A.
• For all positive a, b ∈A, the set aBb is totally bounded for ‖ · ‖A.
• The set B is totally bounded in the weakly uniform topology on A.
This theorem was a consequence of the metrizability on bounded subsets of the weakly-
uniform topology introduced in [22]. This theorem is particularly well-suited to define non-
compact finite-diameter locally compact quantum metric spaces in the spirit of [29]. Indeed,
assume that we are given a non-unital C∗-algebra A and a norm L defined on a dense subset of
the self-adjoint part sa(A) of A, and we set B= {a ∈ sa(A): L(a) 1}. Then, should B be norm
bounded in A, the distance blB, which is the Monge–Kantorovich metric associated with L, gives
S (A) a finite diameter, and Theorem 1.1 provides us with a criterion for the topology induced
by blB to be the weak∗ topology on S (A).
One solution to the difficulties which arise when the set B = {a ∈ sa(A): L(a)  1} is no
longer norm bounded, such as the fact blB is no longer a metric nor does the topology it in-
duces on S (A) agree with the weak∗ topology, is to replace the extended Monge–Kantorovich
metric by the family of bounded-Lipschitz metrics (blBr )r>0 where Br = {a ∈ A: L(a)  1
and ‖a‖A  r} for all real numbers r > 0. This was the approach we studied in [22], and using
Theorem 1.1, one get a criterion for all these metrics to metrize the weak∗ topology on the whole
state space.
In this paper, we address the natural question left open by the bounded-Lipschitz approach
of [22], which concerns using the extended Monge–Kantorovich metric in the setting of gen-
eral locally compact quantum metric spaces, with no restriction of diameter or substitution of
metrics. The main motivation lies with the construction of a Gromov–Hausdorff convergence
theory [16] for noncommutative geometries even in the non-compact case. In some sense, the
bounded-Lipschitz approach artificially restricts the geometry of the underlying quantum space
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case: for instance, if A = C0(R) and L is the Lipschitz seminorm for the ordinary metric of R,
then the bounded-Lipschitz blB1 endowed R with the distance x, y → min{|x − y|,1}. Thus,
the extended Monge–Kantorovich metric seems the proper tool to consider for noncommutative
metric geometry, despite its occasional ill-behavior.
The solution we offer in this paper is based on the fundamental observation of Dobrushin
[9, Theorem 2] regarding the extended Monge–Kantorovich metric for non-compact metric
spaces. The key is that this extended metric is well-behaved when restricted to subsets of the
state space with good behavior at infinity. To frame this discussion, it is useful to recall that, by
the Prohorov’s theorem [27,11], a subset P of the space of Borel probability measures over a
locally compact space X has the property that its weak∗ closure is still a set of Borel probability
measures if and only if it is tight, meaning:
∀ε > 0, ∃K ⊆ X, K is compact and (∀μ ∈P, μ(X \K) ε).
This criterion is not metric, however, and there are in general weak∗ compact subsets of the state
space of C0(X) which are not metrized by the restriction of the extended Monge–Kantorovich
metric (see Counterexample 2.14). Dobrushin introduces in [9] a stronger and natural form of
tightness adapted to the metric situation. A set P of Borel probability measures on a locally
compact metric space (X,m) is Dobrushin-tight if, for some x0 ∈ X, we have
lim
r→∞ sup
{ ∫
{x∈X: m(x,x0)r}
m(x,x0) dμ(x): μ ∈P
}
= 0. (1.2)
This notion does not depend on the choice of the base point x0, by the triangle inequality. We note
that a Dobrushin-tight set is tight when (X,m) has infinite diameter, though all sets of probability
measures are Dobrushin-tight on a bounded locally compact metric space. Dobrushin proves in
[9, Theorem 2] that the extended Monge–Kantorovich metric restricted to a Dobrushin-tight set
induces the relative weak∗ topology on this set.
We are thus led in this paper to introduce a notion of a good behavior at infinity of a set
of states of a C∗-algebra for metric purposes. Unlike in the commutative case described above,
however, a generic way to talk about behavior at infinity within a C∗-algebra does not seem to
exist – a problem already encountered for quite a different problem in [1], for instance.
Moreover, since our main intent is to provide a framework for quantum Gromov–Hausdorff
distance, we are faced with the need for a notion of locality as well. Indeed, convergence for
locally compact metric spaces in the sense of Gromov [16] requires to work in the category of
pointed metric spaces, rather than just metric spaces. Convergence is then defined in terms of
convergence of closed balls around the chosen based points. Thus, we have to understand how
to describe a local structure of a C∗-algebra which allows for a definition of behavior at infinity
appropriate for a generalization of Dobrushin tightness. Of course, the notion of local behavior is
in essence what becomes ambiguous when going from the commutative to the noncommutative
world.
In the noncommutative world, our suggestion is to pick a favored set of “observables” for
which it is possible to talk about locality – i.e. a commutative set – and accept that our notions
of locality and behavior at infinity will depend on this choice, as those observables which do not
commute with our chosen set can typically be “spread” all over our quantum space. Therefore,
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Abelian C∗-subalgebra of A which contains an approximate unit of A. The Abelian nature of M
allows for local definitions while the existence of an approximate unit allows for the discussion of
behavior at infinity. Such a structure is at the root of our work in this paper. The terminology we
chose is inspired by the picture we shall see as characteristic of the separable case, where in fact,
we will pick our Abelian C∗-subalgebras of the form C∗(h) with h a strictly positive element
which plays the role of an “altitude” function, with the level sets drawing a sort of topographic
map of the underlying space.
With these ingredients, it becomes possible to formulate a definition for quantum locally com-
pact metric spaces. Our paper progresses toward and reaches this goal as follows.
We start with some needed results about Lipschitz pairs, i.e. C∗-algebras whose unitization
carries on its self-adjoint part a densely defined seminorm which vanishes only on the scalar
multiple of the unit. We define the extended Monge–Kantorovich metric in this context and
prove that it gives a finer topology than the weak∗ topology. We then discuss useful properties
of topographic quantum spaces, which lay the foundations for our notion of well-behaved sets
of states. When put together, Lipschitz pairs and topographic quantum spaces form Lipschitz
triples, which have the same signature as quantum locally compact metric spaces and where we
can define the concept of tame sets of states, which are our analogues of Dobrushin-tight sets,
though a stronger notion even in the commutative case, as a tame set is always tight.
We are then able to introduce the notion of a quantum locally compact metric space. Following
Rieffel’s terminology, the Lipschitz seminorm of a quantum locally compact metric space is
called a Lip-norm. The main purpose of the third section is to provide several characterizations
of quantum locally compact metric spaces among Lipschitz triples by means of a topological
requirement on a subset of the C∗-algebra associated with the Lip-norm. The main tool is the
construction of a bridge topology which is inspired by the weakly uniform topology of [22],
though it is typically weaker and, more importantly, it depends on the topographic structure.
This bridge topology leads us to our main characterization for quantum locally compact metric
space. We then derive two more characterizations, one which fit naturally in the C∗-algebraic
context, and one for quantum locally compact separable metric spaces, where the situation is
somewhat simpler and more elegant than in the general case.
We conclude with some examples. The most important of our examples is the last one, which
shows that the Moyal plane, together with the so-called isospectral noncommutative geome-
try [13], is indeed a quantum locally compact separable metric space. The metric structure of
the Moyal plane has attracted a lot of attention lately (e.g. [5,24,13]), so our work brings a
new component to this active area of research. Our example section also includes the basic but
fundamental examples of locally compact metric spaces, compact quantum metric spaces, and
all quantum locally compact metric space with finite diameter fitting our work in [22], such
as [3].
We refer the reader to the reference book of G. Pedersen [26] for all the basic definitions about
C∗-algebras, their unitizations, and their state space.
2. The noncommutative Monge–Kantorovich distance
This section introduces various substructures involved in our final definition of a quantum
locally compact metric space. The following notation will be used throughout this paper:
Notation 2.1. Let A be a C∗-algebra. The norm of A is denoted ‖ · ‖A and the state space of A is
denoted by S (A). The set of self-adjoint elements of A is denoted by sa(A).
F. Latrémolière / Journal of Functional Analysis 264 (2013) 362–402 3672.1. Lipschitz pairs
At the root of our work is a pair (A,L) of a C∗-algebra and a seminorm L enjoying various
properties. We start with the most minimal assumptions on L in this section and introduce the
context of the rest of this paper.
Notation 2.2. Let A be a C∗-algebra. The smallest unital C∗-algebra containing A, i.e. either A
if A is unital, or its standard unitization A⊕C [26] otherwise, is denoted by uA. The unit of uA
is always denoted by 1uA. Note that sa(uA) = sa(A)⊕R1uA if A is not unital. Any state ϕ of A
has a unique extension ϕ′ to a state of uA with ϕ′(1uA) = 1, and we shall always identify ϕ and
ϕ′ in this paper without further mention. Under this identification, the state space of uA equals
to the quasi-state space of A, and the weak∗ topology σ(A∗,A) on S (A) agrees with the weak∗
topology σ(uA∗,uA) restricted to S (A).
Definition 2.3. A Lipschitz pair (A,L) is a C∗-algebra A and a seminorm L defined on a dense
subspace of sa(uA) such that {a ∈ sa(uA): L(a) = 0} =R1uA.
The metric which will be the focus of all our attention is:
Definition 2.4. The extended Monge–Kantorovich metric associated to a Lipschitz pair (A,L) is
the extended metric defined on the state space S (A) of A by
mkL : ϕ,ψ ∈S (A) → sup
{∣∣ϕ(a)−ψ(a)∣∣: a ∈ sa(A) and L(a) 1}.
Remark 2.5. Let (A,L) be a Lipschitz pair. The symmetry and triangle inequality properties of
the extended Monge–Kantorovich metric are easy to establish. The fact mkL(ϕ,ψ) = 0 ⇒ ϕ = ψ
for any two states ϕ,ψ ∈S (A) follows from the density of the domain of L. Thus, mkL satisfies
the axiom of a metric, except that it may take the value ∞. Hence the term “extended metric”.
This extended metric has a long history and many names. It would probably be fair to name
it the Monge–Kantorovich–Rubinstein–Wasserstein–Dobrushin metric. It finds its origins in the
transportation problem introduced and studied by Monge in 1781. In 1940, a first formulation for
this metric was introduced by Kantorovich in [18] motivated by Monge’s transportation problem.
The form we use was derived in 1958 by Kantorovich and Rubinstein in [19]. Later, Wasserstein
introduced this metric for probabilities over a compact metric space again in [39]. This metric
was then extended and studied by Dobrushin on non-compact spaces in [9], where the name
Vasershtein metric first appeared (Vasershtein is an alternative spelling for the translation from
Cyrillic to Latin alphabets for Wasserstein). We choose our naming convention based on the
original appearance of this metric in one form or another and admit to some arbitrariness in the
matter. Our choice for a name follows Rieffel’s convention as well.
For any Lipschitz pair (A,L), when working in the unitization uA of A, rather than A, one
can translate elements a with L(a) < ∞ by any scalar multiple of 1uA, without changing the
value of L. This allows us to give an often useful expression for extended Monge–Kantorovich
metric which will play a central role in our characterization of quantum locally compact metric
space.
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L1(A,L,μ) =
{
a ∈ sa(uA): L(a) 1 and μ(a) = 0}.
Proposition 2.7. Let (A,L) be a Lipschitz pair and μ be a state of A. For any ϕ,ψ ∈S (A) we
have
mkL(ϕ,ψ) = sup
{∣∣ϕ(a)−ψ(a)∣∣: a ∈ L1(A,L,μ)}.
Proof. First, note that for all a ∈ sa(uA) with L(a) < ∞, we have, for any λ ∈R:
L(a) = L(a + λ1uA − λ1uA) L(a + λ1uA)+ |λ|L(1uA)
= L(a + λ1uA) L(a)+ |λ|L(1uA) = L(a).
Hence L(a) = L(a + λ1uA) for all a ∈ sa(uA) with L(a) < ∞ and λ ∈ R. Thus, if a ∈ sa(A)
with L(a)  1 is given, then a − μ(a)1uA ∈ L1(A,L,μ) (note that μ(a) ∈ R). Conversely, if
b ∈ L1(A,L,μ) then L(b)  1 and b = a + λ1uA for some λ ∈ R and a ∈ sa(A) by definition
of uA. Since μ(b) = 0 we have λ = −μ(a). Thus
{
a −μ(a)1uA: a ∈ sa(A) and L(a) 1
}= L1(A,L,μ). (2.1)
Thus, using ν(λ1uA) = λ for all λ ∈C and ν ∈S (A), we have
mkL(ϕ,ψ) = sup
{∣∣ϕ(a)−ψ(a)∣∣: a ∈ sa(A) and L(a) 1}
= sup{∣∣ϕ(a −μ(a)1uA)−ψ(a −μ(a)1uA)∣∣: a ∈ sa(A) and L(a) 1}
= sup{∣∣ϕ(b)−ψ(b)∣∣: b ∈ L1(A,L,μ)},
as desired. 
Remark 2.8. By abuse of notation, in examples, if A is not unital and L is a densely defined norm
on sa(A), we may refer to (A,L) as a Lipschitz pair with the implicit understanding that when
necessary, we will work with the extension uL of L to sa(uA) given by uL(a + λ1uA) = L(a)
for all a ∈ sa(A) and λ ∈ R – since (A,uL) is then indeed a Lipschitz pair. We will even abuse
notation further by writing L for uL. This obvious terminology extension will be carried out
implicitly to all structures including a Lipschitz pair.
Remark 2.9. Let (A,L) be a Lipschitz pair. If A is not unital, the proof of Proposition 2.7 also
applies if μ is the state μ : a + λ1A ∈ uA → λ. Otherwise, A= uA, so either way we get
mkL(ϕ,ψ) = sup
{∣∣ϕ(a)−ψ(a)∣∣: a ∈ sa(uA) and L(a) 1}
for all ϕ,ψ ∈S (A).
The main matter of this paper is to study the topological properties of the extended Monge–
Kantorovich metric. We start with:
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Kantorovich metric mkL on the state space S (A) of A is finer than the weak∗ topology.
Proof. Assume (ϕn)n∈N is a sequence of states of A converging to a state ϕ ∈ S (A) for mkL.
Let a ∈ sa(A). Let ε > 0 be given. Since the domain of L is dense in sa(uA), there exists b ∈
sa(uA) such that ‖a−b‖uA  13ε and L(b) < ∞. Let c = (max{L(b),1})−1b. Then L(c) 1 and
thus, by definition of mkL, we have |ϕn(c) − ϕ(c)|  mkL(ϕn,ϕ). Let N ∈ N be chosen so that
mkL(ϕn,ϕ) < 13 max{L(b),1}ε for all nN . Then, for all nN :∣∣ϕn(a)− ϕ(a)∣∣ ∣∣ϕn(a)− ϕn(b)∣∣+ ∣∣ϕn(b)− ϕ(b)∣∣+ ∣∣ϕ(b)− ϕ(a)∣∣
 1
3
ε + (max{L(b),1})∣∣ϕn(c)− ϕ(c)∣∣+ 13ε  ε.
Hence (ϕn(a))n∈N converges to ϕ(a) for all a ∈ sa(A). Since every element a of A can be written
as a = (a)+ i(a) with (a) = a+a∗2 and (a) = a−a
∗
2i self-adjoints, we conclude that (ϕn)n∈N
weak∗-converges to ϕ, as desired. 
The topological nature of closed balls for the extended Monge–Kantorovich metric is inter-
esting and needs some care in general.
Notation 2.11. For any (extended) metric m on a space X, any x ∈ X and any nonnegative real
number r , we denote the closed ball {y ∈ X: m(x,y)  r} for m of center x and radius r by
Bm(x, r).
Proposition 2.12. Let (A,L) be a Lipschitz pair. For any μ ∈ S (A) and r ∈ [0,∞) ⊆ R,
the closed ball BmkL(μ, r) is closed in the relative topology induced by the weak∗ topology
on S (A).
Proof. Let (ϕn)n∈N be a sequence in BmkL(μ, r) weak∗ converging to some state ϕ ∈ S (A).
Then, for all a ∈ sa(A) with L(a) 1 and all n ∈N, we have
∣∣ϕ(a)−μ(a)∣∣ ∣∣ϕ(a)− ϕn(a)∣∣+ ∣∣ϕn(a)−μ(a)∣∣

∣∣ϕ(a)− ϕn(a)∣∣+ r n→∞−−−−→ r.
Hence ϕ ∈BmkL(μ, r). 
It is important to note that closed balls for the extended Monge–Kantorovich metric are not
in general closed in the weak∗ topology – Proposition 2.12 holds for the relative topology of the
weak∗ topology on the state space only.
Counterexample 2.13. Closed balls for the Monge–Kantorovich metric are not weak∗ closed in
general. Indeed, let A be the C∗-algebra C0((0,1)) of complex-valued continuous functions on
[0,1] ⊆R vanishing at 0 and 1, and L be the usual Lipschitz seminorm associated to the standard
distance on (0,1). Then (A,L) is a Lipschitz pair. It is easy to check that S (C0((0,1))) =
BmkL(δx,1) for any x ∈ (0,1), where δx is the Dirac probability measure at x. Yet S (C0((0,1)))
is not weak∗ closed as C0((0,1)) is not unital (for instance (δ 1 )n∈N converges to 0).n
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when they are weak∗ compact, are not usually compact for the topology induced by the extended
metric, and in general the latter topology does not agree with the trace of the weak∗ topology on
the balls.
Counterexample 2.14. The topology induced by extended Monge–Kantorovich metric does not
agree with the weak∗ topology on closed balls in general. Let A = C0(R) be the C∗-algebra of
C-valued continuous functions on R. Let L be the usual Lipschitz seminorm for the standard
distance on R. For any x ∈ R, let δx : f ∈ C0(R) → f (x) be the Dirac state at x. Then one
checks easily:
mkL
(
δ0,
1
n
δn + n− 1
n
δ0
)
= 1, (2.2)
yet ( 1
n
δn + n−1n δ0)n∈N converges in the weak∗ topology to δ0. Thus the closed ball BmkL(δ0,1)
is not mkL-compact, nor does the topology induced by mkL agree with the relative topology
induced from the weak∗ topology on BmkL(δ0,1). However, it can be easily checked in this case
that BmkL(δ0,1) is weak∗ compact.
2.2. Topographic quantum spaces
Another fundamental substructure for our purpose is the notion of a topographic quantum
space, i.e. a C∗-algebra where the notion of locality, and by extension a notion of approaching
infinity, is defined by choosing a large enough commutative set of observables.
Definition 2.15. A topographic quantum space (A,M) is a C∗-algebra A and an Abelian
C∗-subalgebra M such that M contains an approximate identity for A. When (A,M) is a to-
pographic quantum space, the C∗-algebra M is called the topography of (A,M).
Our terminology is inspired by a pair of a separable Abelian C∗-algebra A and a strictly posi-
tive element h ∈A seen as a “height function”, with, for each r > 0, the level set h−1([r,‖h‖A])
being compact in the spectrum of A, and the collection of these level sets creating a topographic
map of the spectrum of A. Our definition does not pick a strictly positive element in general so
that it fits the non-separable case as well.
When working with Abelian C∗-algebras, we will use the following notations.
Notation 2.16. Let M be an Abelian C∗-algebra. The Gel’fand spectrum of M, always assumed
to be endowed with the weak∗ topology, is denoted by σ(M). For any subset B of σ(M), we
define the indicator function χB of B as
χB : x ∈ σ(M) →
{
1 if x ∈ B,
0 otherwise.
Any state ϕ of M is the integral against a uniquely defined Radon probability measure on σ(M),
and this probability measure is still denoted by ϕ. Thus we shall simply write ϕ(B) for ϕ(χB)
for any Borel subset B of M.
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C∗-algebra M, where the topological bidual M∗∗ of M is endowed with its Von Neumann alge-
bra structure [26]. Now, let (A,M) be a topographic quantum space. The Von Neumann algebra
M∗∗ is identified once and for all with the Von Neumann subalgebra of A∗∗ obtained by com-
pleting M⊆A∗∗ with respect to the strong topology in A∗∗ [26, 3.7.8]. With this identification,
for any topographic quantum space (A,M), we thus note that for all Borel subset B of σ(M)
and a ∈ uA, we have χBaχB ∈ A∗∗. Moreover, by [26, 3.7.8], every state of A defines a unique
normal state of A∗∗ (via a ∈A∗∗ → a(ϕ)), and we identify these two states in this paper without
further mention.
Let (A,M) be a topographic quantum space. If A is not unital, then M ⊕ C1uA ⊆ uA is
*-isomorphic to uM. On the other hand, if A is unital, then any approximate unit of A converges
in norm to 1uA, and thus 1uA ∈ M since M is closed. Hence without any ambiguity, we will
always use the following convention:
Convention 2.17. Let (A,M) be a topographic quantum space. Then 1uM = 1uA and uM is the
unital Abelian C∗-subalgebra M+C1uA ⊆ uA of uA.
The requirement of existence of an approximate unit in M for any topographic quantum space
(A,M) ensures non-degeneracy and that going to infinity in M can be used to go to infinity in A.
We shall often use some specific choices of approximate identities of A in M, and the following
easy corollary of Urysohn’s lemma will provide these elements when needed. Note however that
the existence of the elements provided by this next lemma relies heavily on the fact that M is
Abelian, and at the same time, will be of central importance in the development of our theory.
We also use this opportunity to introduce our notation for nets, and a notation for the directed set
of compact subsets of a topological space, with inclusion as the dual order.
Notation 2.18. When choosing an arbitrary net (aα)α∈I , the default notation for the order on the
directed set I is  and the directed set property is expressed with this notation as ∀α,β ∈ I ,
∃γ ∈ I (γ  α and γ  β).
Notation 2.19. Let X be a topological space. The set of all compact subsets of X is denoted
by K(X). We note that it is directed set by choosing  as the dual order to the inclusion.
Lemma 2.20. Let (A,M) be a topographic quantum space. There exists a directed set I and a
net (fα,Kα)α∈I of elements in sa(M)×K(σ (M)) such that:
(1) {Kα: α ∈ I } =K(σ (M)).
(2) For all α ∈ I we have fαχKα = χKα .
(3) If α,β ∈ I and α  β then fαfβ = fβ .
(4) For all α ∈ I , we have 0 fα  1uA.
(5) (fα)α∈I is an approximate identity for A.
Note that in particular fα has compact support in M for all α ∈ I .
Proof. Before we prove the existence of our approximate unit of choice, we note that if (fα)α∈I
satisfies Assertions (3), (5) of our proposition, then for all α ∈ I , the function fα is compactly
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compact support). Assume first that there exists γ ∈ I such that for all β ∈ I we have γ  β .
Let g ∈ M. Since limα∈I ‖g − gfα‖A = 0, by definition of convergence for nets, we conclude
that ‖g − gfγ ‖ = 0. Consequently, g = gfγ = fγ g and thus fγ = 1uA. This contradicts our
assumption that M is not unital. Thus, M not being unital implies that for all α ∈ I , there exists
β ∈ I with β  α. Then the requirement fβfα = fα implies that the support of fα is contained
in the compact set f−1β ({−1}) (note that fβ vanishes at infinity on σ(M) as M ∼= C0(σ (M)),
which is why f−1β ({−1}) is not only closed, but also compact).
We now turn to the construction of our approximate unit.
Since σ(M) is locally compact Hausdorff, for any compact subset K of σ(M), there exists an
open set U of σ(M) such that K ⊆ U and the closure U of U is compact. Indeed, by definition
of local compactness, for all x ∈ K , there exists an open neighborhood Ux of x with Ux compact,
and since K ⊆⋃x∈K Ux and K is compact, there exists a finite subset F ⊆ K with K ⊆ U =⋃
x∈F Ux . Of course U is open as a union of open sets, but since U =
⋃
x∈F Ux and F is finite,
by construction U is compact.
Let I be the set:
I = {(K,U): K ∈K(σ(M)), U is open in σ(M), U ∈K(σ(M)) and K ⊆ U},
and define the following relation on I :
∀(K,U), (C,V ) ∈ I, (K,U)  (C,V ) ⇔ (K = C and U = V )∨ (V ⊆ K).
By construction,  is reflexive. Moreover, if (K,U)  (C,V ) and (C,V )  (T ,W) for any
(K,U) = (C,V ) = (T ,W) ∈ I , then by definition of , we have W ⊆ C and V ⊆ K , while
by definition of I , we have C ⊆ V ⊆ V so W ⊆ K i.e. (K,U)  (T ,W). Since transitivity
is obvious if either (C,V ) = (T ,W) or (C,V ) = (K,U) we conclude that  is a preorder
on I .
Moreover, let (K,U), (C,V ) ∈ I . Let Q = U ∪ V and note that Q is compact in σ(M) by
definition of I . Hence there exists an open set W of σ(M) with compact closure and such that
Q ⊆ W . By definition, (Q,W) ∈ I and (Q,W)  (K,U), (Q,W)  (C,V ). Hence (I,) is a
directed set.
We now denote the first component of α ∈ I as Kα ∈K(σ (M)). By construction,K(σ (M)) =
{Kα: α ∈ I }.
Let α = (Kα,Uα) ∈ I . By Urysohn’s lemma for locally compact Hausdorff spaces [12], there
exists a continuous function f ∈ sa(M) such that f (x) = 1 if and only if x ∈ K and f (x) = 0 if
and only if x ∈ U while 0 f (x) 1 for all x ∈ σ(M). In particular, f is compactly supported.
Call a choice of such a function fα . We thus have constructed a net (Kα,fα)α∈I which satisfies,
by construction, all the required properties. Indeed, fαχKα = χKα since f (x) = 1 for x ∈ Kα . If
α  β for α = (Kα,Uα), β = (Kβ,Uβ) ∈ I then if x /∈ Uβ then fβ(x) = 0 and if x ∈ Uβ then
x ∈ Kα so fα(x) = 1; either way fα(x)fβ(x) = fβ(x).
We now show that (fα)α∈I is an approximate unit for M. Let g ∈ M. Let ε > 0. Since g
vanishes at infinity in M∼= C0(σ (M)), there exists a compact subset K of σ(M) such that, for
all x ∈ σ(M) \K we have |g(x)| 12ε. Let αε = (K,U) ∈ I for some open set U containing K
and with compact closure. Then for all α  αε , we have
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∥∥(g − gfα)χK∥∥M∗∗ + ∥∥(g − gfα)(1uM − χK)∥∥M∗∗
 0 + 2∥∥g(1uM − χK)∥∥M∗∗  ε.
Thus limα∈I ‖g − gfα‖A = 0 as desired.
Last, since (A,M) is a topographic quantum space, there exists an approximate identity
(eβ)β∈J for A in M. Let a ∈ A and ε > 0 be given. Then, since (eβ)β∈J is an approximate
unit for A, there exists βε ∈ J such that for all β  βε we have ‖a− aeβ‖A  12ε. Now, there ex-
ists αε ∈ I such that for all α ∈ I with α  αε we have ‖eβε − eβεfα‖A  (2 max{‖a‖A,1})−1ε.
Thus, for α  αε:
‖a − afα‖A =
∥∥a(1uA − fα)∥∥A  ∥∥aeβε (1uA − fα)∥∥A + ∥∥(a − aeβε )(1uA − fα)∥∥A
 ‖a‖A
∥∥eβε (1uA − fα)∥∥A + ‖a − aeβε‖A
 ε,
so limα∈I ‖a − afα‖A = 0. Consequently, (aα)α∈I is an approximate unit in A.
This concludes the construction of our special approximate unit. 
We now turn our attention to the notion of a tight set. In classical probability theory, a subset
P of Borel probability measures over a locally compact Hausdorff space X has a weak∗ closure
containing only Borel probability measures if and only if it is (uniformly) tight, namely when
for all ε > 0 there exists a compact K ⊆ X such that for all μ ∈ P we have μ(X \ K)  ε.
A noncommutative analogue for topographic quantum spaces is given as follows:
Definition 2.21. Let (A,M) be a topographic quantum space. A subset K of S (A) is tight
when
∀ε > 0, ∃Q ∈K(σ(M)), ∀K ∈K(σ(M)),
(Q ⊆ K) ⇒ sup{ϕ(1uA − χK): ϕ ∈K }< ε.
Theorem 2.22. Let (A,M) be a topographic quantum space. A subset K of S (A) is tight if
and only if its weak∗ closure is a weak∗ compact subset of S (A).
Proof. Assume K is tight. Let (ϕα)α∈I be a net in K weak∗ converging to ψ ∈ A∗. Note that
ψ is a continuous positive linear functional of norm at most 1, so it is sufficient to show that
‖ψ‖A∗  1.
Let a ∈M with ‖a‖A  1. Then for all α ∈ I and K ∈K(σ (M)):
∣∣1 −ψ(a)∣∣ ∣∣1 − ϕα(a)∣∣+ ∣∣ϕα(a)−ψ(a)∣∣

∣∣ϕα(1uA − χK)∣∣+ ∣∣ϕα(χK − a)∣∣+ ∣∣ϕα(a)−ψ(a)∣∣. (2.3)
Since (A,M) is a topographic quantum space, Lemma 2.20 provides us with an approximate
unit (aβ)β∈J for A in sa(M) and a net (Kβ)β∈J such that for all β ∈ J , we have aβχKβ = χKβ
and 0 aβ  1. Moreover, for all K ∈K(σ (M)) there exists β ∈ J with K = Kβ .
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sup
ϕ∈K
ϕ(1uA − χKβ )
1
9
ε2  1
3
ε. (2.4)
Moreover for all α ∈ I , by Cauchy–Schwarz’s Inequality, we have
∣∣ϕα(χKβ − aβ)∣∣= ∣∣ϕα(χKβ aβ − aβ)∣∣√ϕα(1uA − χKβ )ϕα(a2β)

√
ϕα(1uA − χKβ )
1
3
ε. (2.5)
Hence there exists β ∈ J such that for all α ∈ I we have
∣∣1 −ψ(aβ)∣∣ 23ε +
∣∣ϕα(aβ)−ψ(aβ)∣∣. (2.6)
Last, by weak convergence and since aβ ∈A, there exists α ∈ I such that |ϕα(aβ)−ψ(aβ)|
1
3ε. Thus
∀ε > 0, ∃β ∈ J, ∣∣1 −ψ(aβ)∣∣ ε  ,
so ψ is a state of A since (aβ)β∈J is an approximate identity of A.
Conversely, assume that the weak∗ closure of K is a weak∗ compact subset of S (A). Since
K is a subset of its closure, it is enough to assume K is weak∗ compact – as a subset of a tight
set is also tight.
Let (aα)α∈I and (Kα)α∈I be given as in Lemma 2.20. For all a ∈A we define
ΘK (a) : ϕ ∈K → ϕ(a).
The map ΘK takes elements of A to complex-valued weak∗ continuous functions on K ,
and, since K consists of states, i.e. positive linear functionals, ΘK is increasing on sa(A).
On the other hand, since for all α,β ∈ I with α  β we have aαaβ = aβ , we see that for
all x ∈ σ(M), if aβ(x) = 0 then aα(x) = 1. Since 0  aα, aβ  1uA, we see that (aα)α∈I is an
increasing net in sa(A).
Therefore, (ΘK (1uA − aα))α∈I is a net of continuous functions on the compact K point-
wise decreasing and pointwise convergent to the continuous function 0 on K . Hence by Dini’s
theorem, (ΘK (1uA − aα))α∈I uniformly converges to 0. In other words:
lim
α∈I sup
{
ϕ(1uA − aα): ϕ ∈K
}= 0. (2.7)
Now, let ε > 0. Let α ∈ I such that sup{|ϕ(1uA − aα)|: ϕ ∈ K }  ε. By definition of aα , we
have χKβ  aα for any β ∈ I , β  α. Fix such a β ∈ I , β  α. Then for any K ∈K(σ (M)) with
Kβ ⊆ K we have 1uA − χK  1A − χKβ  1uA − aα , hence
sup
{
ϕ(1uA − χK): ϕ ∈K
}
 ε,
as desired. 
F. Latrémolière / Journal of Functional Analysis 264 (2013) 362–402 375We now can introduce a very important structure associated to a topographic quantum space:
the local state space, i.e. a collection of states which, from the perspective of the topography, are
indeed locally supported. The local state space will play a central role in our notion of quantum
locally compact metric spaces.
Definition 2.23. Let (A,M) be a topographic quantum space. Let K be a compact subset of the
Gel’fand spectrum σ(M) of M. We define
S (A|K) = {ϕ ∈S (A): [ϕ]M(K) = 1}
= {ϕ ∈S (A): ϕ(χK) = 1}. (2.8)
The local state space S (A|M) of a quantum topographic space (A,M) is the set:
⋃{
S (A|K): K ∈K(σ(M))},
whose elements will be called local states.
We observe that for all K ⊆ σ(M) compact, the set S (A|K) is a weak∗ compact convex face
of S (A) [2] associated with the compactly supported projection χK , in the sense of [1].
Our definition of a topographic quantum space ensures that the local state space is large, in
fact norm dense, in the state space.
Proposition 2.24. The local state space of a topographic quantum space (A,M) is norm dense
in the state space of A.
Proof. Let ϕ ∈ S (A) and  > 0. Let ε = min{ 12, 12 }. Since {ϕ} is weak∗ compact in S (A), it
is a tight set, so, there exists K0 ∈ K(σ (M)) such that for all K ∈ K(σ (M)) with K0 ⊆ K , we
have 1 − ε2  ϕ(χK) 1. Since 0 ε  12 , we thus have |1 − ϕ(χK)| ε2  ε as well.
Let K ∈ K(σ (M)), with K0 ⊆ K . Let ψK : a ∈ A → ϕ(χK)−1ϕ(χKaχK) (note that
ϕ(χK) > 0). Then by construction, ψK(χK) = 1 and ψK is a positive functional on uA, with
‖ψK‖A∗ = ψK(1uA) = ψK(χK) = 1. Hence ψK ∈S (A|K).
On the other hand, let a ∈A be given. Then
∣∣ϕ(a)−ψK(a)∣∣ ∣∣ϕ(a)− ϕ(χK)−1ϕ(a)∣∣+ ϕ(χK)−1∣∣ϕ(a)− ϕ(χKaχK)∣∣

∣∣ϕ(a)∣∣(ϕ(χK)−1 − 1)+ ϕ(χK)−1∣∣ϕ(a − χKaχK)∣∣
 ε
1 − ε
∣∣ϕ(a)∣∣+ 1
1 − ε
√
ϕ(1 − χK)‖a‖A (by Cauchy–Schwarz)
 2ε
1 − ε ‖a‖A  ‖a‖A. (2.9)
Hence (ψK)K∈K(σ (M)) converges to ϕ in norm. 
We conclude this section with a notation and the properties of the restriction map for linear
functionals from A to M for a topographic quantum space (A,M), as we shall use these facts
later in this paper.
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linear functional μ of A, we denote by [μ]M the restriction of μ to M. Thus [μ]M ∈M∗ for all
μ ∈A∗.
Proposition 2.26. Let (A,M) be a topographic quantum space. Then:
(1) If ϕ ∈S (A) then [ϕ]M ∈S (M).
(2) If ψ ∈S (M) then there exists ϕ ∈S (A) such that [ϕ]M = ψ .
(3) If (ϕα)α∈I is a net in S (A) weak∗ converging in A∗ to μ then ([ϕα])α∈I weak∗ converges
in M∗ to [μ]M.
In other words, the map ϕ ∈S (A) → [ϕ]M is a well-defined weak∗-continuous affine surjection
onto S (M).
Proof. Let (eβ)β∈J be an approximate unit for A in M, which exists by Definition 2.15. Let
ϕ ∈ S (A). Note that by definition, [ϕ]M is a positive linear functional and that ‖[ϕ]M‖M∗ 
‖ϕ‖A∗ = 1. Then 1 [ϕ]M(eβ) = ϕ(eβ) β∈J−−→ 1, and thus [ϕ]M = 1 so [ϕ]M ∈S (M).
Conversely, if ψ ∈ S (M), then by the Hahn–Banach extension theorem for positive linear
functional, there exists ϕ ∈ A∗ positive linear functional on A such that [ϕ]M = ψ . It is easy to
see that ϕ is indeed a state of A.
The weak∗ continuity of this surjection is straightforward. 
2.3. Lipschitz triples
We now bring together the two substructures defined in this paper so far into an object whose
signature will be the same as quantum locally compact metric spaces. In essence, a quantum
locally compact metric space will be a Lipschitz triple, as defined below, with an additional
topological condition based on the notion of tame sets, defined in this section as well.
Definition 2.27. A Lipschitz triple (A,L,M) is a Lipschitz pair (A,L) and an Abelian
C∗-subalgebra M of A such that (A,M) is a quantum topographic space.
A Lipschitz triple allows us to define our noncommutative analogue of a Dobrushin-tight set
(see Eq. (1.2) in the introduction), which we call a tame set of states.
Definition 2.28. Let (A,L,M) be a Lipschitz triple. A subset K of S (A) is called (A,L,M)-
tame when, for some μ ∈S (A|M):
lim
K∈K(σ (M))
sup
{∣∣ϕ(a − χKaχK)∣∣: a ∈ L1(A,L,μ), ϕ ∈K }= 0.
As a first observation, we note that the union of all tame sets of S (A) for a Lipschitz triple
(A,L,M) is norm dense in S (A) since it contains the local state space:
Proposition 2.29. Let (A,L,M) be a Lipschitz triple. For any K ∈ K(σ (M)), the set S (A|K)
is tame.
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for all ϕ ∈S (A|K) and for all a ∈ uA, we have
∣∣ϕ(a)− ϕ(χCaχC)∣∣ ∣∣ϕ(χCa(1uA − χC))∣∣+ ∣∣ϕ((1uA − χC)aχC)∣∣
+ ∣∣ϕ((1uA − χC)a(1uA − χC))∣∣
 3
√
ϕ(1uA − χC)‖a‖uA  3
√
ϕ(1uA − χK)‖a‖uA = 0.
Hence our proposition follows by definition. 
We now prove a very important result: tame sets are always tight. This is very useful for
our purpose, and also shows that our notion is somewhat different from Dobrushin’s notion in
a topological sense. Indeed, in a finite-diameter metric space, any set of probability measures
is Dobrushin-tight, including the whole state space, while tame sets must have, among other
properties, weak∗ closures contained in S (A) – which exclude the state space for any non-unital
C∗-algebra. On the other hand, tightness will enable us to derive key properties of tame sets in
this section.
Theorem 2.30. Let (A,L,M) be a Lipschitz triple. Then a tame subset of S (A) is tight. In
particular, the weak∗ closure of a tame subset is a weak∗ compact subset of S (A).
Proof. Let K be a tame subset of S (A). Let ε > 0. Let U ⊆ σ(M) be a nonempty open set with
compact closure and x ∈ U . Since {x} is compact, there exists by Urysohn’s lemma for locally
compact Hausdorff spaces a continuous function f ∈ sa(M) with 0  f  1uA, f (x) = 1 and
f χσ(M)\U = 0. Let g = 1uA − f ∈ sa(uM) and note that (1uA − χK)g = 1uA − χK for all
K ∈K(σ (M)) with U ⊆ K .
Now, since {a ∈ sa(uA): L(a) < ∞} is norm dense in sa(uA), there exists b ∈ sa(uA) with
L(b) < ∞ and ‖g − b‖uA < 13ε.
Let ϕ ∈S (A) and set λ = max{L(b),1} ∈ [1,∞) ⊆R. Let K ∈K(σ (M)) with U ⊆ K . Then,
using the observation that g commutes with the projection χK :
∣∣ϕ(1A − χK)∣∣= ∣∣ϕ((1uA − χK)g)∣∣
= ∣∣ϕ(g − χKg)∣∣= ∣∣ϕ(g − χKgχK)∣∣

∣∣ϕ(b − χKbχK)∣∣+ ∣∣ϕ(b − g)∣∣+ ∣∣ϕ(χK(g − b)χK)∣∣
 λ
∣∣ϕ(λ−1b − χKλ−1bχK)∣∣+ 23ε. (2.10)
Since K is tame, there exists K0 ∈K(σ (M)) and μ ∈S (A|M) so that for all K ∈K(σ (M))
with K0 ⊆ K we have
sup
{∣∣ϕ(a − χKaχK)∣∣: ϕ ∈K and a ∈ L1(A,L,μ)} 13λε. (2.11)
Thus, since L(λ−1b)  1, we conclude from both Inequalities (2.10) and (2.11) that for all
K ∈K(σ (M)) with U ∪K0 ⊆ K we have
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{
ϕ(1uA − χK): ϕ ∈K
}
 ε, (2.12)
as desired. 
In the classical situation, the set of all probability measures supported on a given compact in a
metric space is always of finite diameter for the extended Monge–Kantorovich metric. This is not
true in general in the noncommutative setting (see the Examples section). However, the purpose
of introducing the local state space is that we may require it to be well-behaved in the following
sense:
Definition 2.31. A Lipschitz triple (A,L,M) is regular when for all K ∈ K(σ (M)) the set
S (A|K) has finite diameter for the extended Monge–Kantorovich metric mkL associated with
(A,L).
As a first step, we characterize regularity for Lipschitz triples in C∗-algebraic terms, and we
start doing so by establishing a couple of useful lemmas which we will need again later.
Lemma 2.32. Let A be a C∗-algebra and p ∈A∗∗ be a projection. Then
∀a ∈ sa(uA), ‖pap‖A∗∗ = sup
{∣∣ϕ(a)∣∣: ϕ ∈S (A) and ϕ(p) = 1}.
Proof. Denote sup{|ϕ(a)|: ϕ ∈S (A) and ϕ(p) = 1} by Pp(a) for all a ∈ uA. First, note that if
ϕ(p) = 1 then by Cauchy–Schwarz, for all a ∈ uA:
∣∣ϕ(a)∣∣ ∣∣ϕ(pap)∣∣+ ∣∣ϕ(pa(1uA − p))∣∣+ ∣∣ϕ((1uA − p)ap)∣∣+ ∣∣ϕ((1uA − p)a(1uA − p))∣∣

∣∣ϕ(pap)∣∣+ 3√ϕ(1uA − p)‖a‖uA
= ∣∣ϕ(pap)∣∣ ‖pap‖A∗∗
so Pp(a) ‖pap‖A∗∗ for all a ∈A.
Let ψ ∈ S (A). If ψ(p) = 0 then a ∈ A → ψ(pap) = 0 by Cauchy–Schwarz, so ψ(pap)
Pp(a) for all a ∈ uA. If instead ψ(p) ∈ (0,1] then ψ ′ : a ∈ uA → ψ(p)−1ψ(pap) is a state of
uA with ψ ′(p) = 1, as for all a ∈ uA, a  0 ⇒ χKaχK  0 so ψ ′ is a positive functional on uA
of norm ψ ′(1uA) = ψ ′(p) = 1. Thus if ψ(p) > 0 then Pp(a)ψ ′(a)ψ(pap) for all a ∈ uA.
Thus we always have, for all a ∈ A and any state ψ , that ψ(pap) Pp(a) ‖pap‖A∗∗ . Hence
for a ∈ sa(uA), since pap ∈ sa(A∗∗), we have [26, 3.7.8]:
‖pap‖A∗∗ = Pp(a). 
The following lemma is from [17], though we include the proof for the convenience of the
reader.
Lemma 2.33. Let A be a C∗-algebra, and let a, s, t, u, v ∈ A. Assume that 0  s  u and 0 
t  v in A. Then ‖√sa√t‖A  ‖√ua√v ‖A.
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0 (
√
sa)∗(
√
sa) = a∗sa  a∗ua = (√ua)∗(√ua)
so ‖√sa‖A  ‖√ua‖A. Similarly ‖a
√
t‖A  ‖a√v‖A. Hence
‖√sa√t‖A  ‖
√
ua
√
t‖A  ‖
√
ua
√
v‖A. 
We shall use Lemma 2.33 when u,v, s, t are projections, in which case they are equal to their
square roots.
Proposition 2.34. Let (A,L,M) be a Lipschitz triple and μ ∈S (A|M). Then (A,L,M) is reg-
ular if and only if for all K ∈K(σ (M)), there exists rK ∈R such that
sup
{‖χKaχK‖A∗∗ : a ∈ L1(A,L,μ)} rK.
Proof. Assume that (A,L,M) is a regular Lipschitz triple. Let μ ∈ S (A|M) and let K ∈
K(σ (M)). Let K ′ ∈ K(σ (M)) such that μ ∈ S (A|K ′) and K ⊆ K ′. Since (A,L,M) is reg-
ular, the set S (A|K ′) has finite diameter D ∈ R for mkL. By Proposition 2.7, Lemma 2.33 and
Lemma 2.32, we have for all a ∈ L1(A,L,μ) that
‖χKaχK‖A∗∗  ‖χK ′aχK ′ ‖A∗∗ = sup
{∣∣ϕ(a)∣∣: ϕ ∈S (A∣∣K ′)}
= mkL(ϕ,μ)D.
Conversely, assume that for all K ∈K(σ (M)), there exists rK such that
sup
{‖χKaχK‖A∗∗ : a ∈ L1(A,L,μ)} rK.
Then by Proposition 2.7 and by Lemma 2.32, we have for all ϕ ∈S (A|K):
mkL(ϕ,μ) rK
and thus, by the triangle inequality for mkL, the set S (A|K) has finite diameter for mkL. 
Regularity has two very important consequences on tame sets. First, the notion of a tame set
does not depend on the choice of a particular local state. Second, tame sets are always contained
in closed balls of finite radii around any local state. Both of these properties rely on regularity
and the fact that tame implies tight.
Theorem 2.35. Let (A,L,M) be a regular Lipschitz triple. A subset K of S (A) is (A,L,M)-
tame if and only if for all μ ∈S (A|M), we have
lim
K∈K(σ (M))
sup
{∣∣ϕ(a − χKaχK)∣∣: a ∈ L1(A,L,μ), ϕ ∈K }= 0.
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(A,L,M)-tame. Thus by Definition 2.28, there exists a local state ν of (A,L,M) such that
lim
K∈K(σ (M))
sup
{∣∣ϕ(a − χKaχK)∣∣: a ∈ L1(A,L, ν), ϕ ∈K }= 0. (2.13)
Let μ ∈ S (A|M). By definition, there exist K0,K1 ∈ K(σ (M)) such that μ ∈ S (A|K0) and
ν ∈S (A|K1). Thus μ,ν ∈ S(A,K) where K = K0 ∪K1 ∈K(σ (M)).
Since (A,L,M) is regular, the set S (A|K) has finite diameter for mkL. Thus by definition
of mkL, there exists r ∈ [0,∞) ⊆R such that
sup
{∣∣μ(a)− ν(a)∣∣: a ∈ sa(uA) and L(a) 1}= r. (2.14)
Now, for all a ∈ sa(uA) with L(a) 1 and μ(a) = 0, and for any ϕ ∈ K , we have
∣∣ϕ(a − χKaχK)∣∣ ∣∣ϕ((a − ν(a)1uA)− χK(a − ν(a)1uA)χK)∣∣+ ∣∣ν(a)∣∣∣∣ϕ(1uA − χK)∣∣.
Hence
0 sup
{∣∣ϕ(a − χKaχK)∣∣: ϕ ∈K and a ∈ L1(A,L,μ)}
 sup
{∣∣ϕ(a − χKaχK)∣∣: ϕ ∈K and a ∈ L1(A,L, ν)}
+ r sup{∣∣ϕ(1uA − χK)∣∣: ϕ ∈K }. (2.15)
Since K is tame, it is tight, so limK∈K(σ (M)) sup{ϕ(1 − χK): ϕ ∈ K} = 0. Hence
lim
α∈I sup
{∣∣ϕ(a − χKaχK)∣∣: a ∈ L1(A,L,μ) and ϕ ∈K }= 0,
as desired. 
Proposition 2.36. Let (A,L,M) be a regular Lipschitz triple and μ ∈S (A|M). If K is a tame
subset of S (A) then there exists rμ,K ∈ [0,∞) such that K ⊆BmkL(μ, rμ,K ).
Proof. Let μ be a local state and K be a tame set. By Proposition 2.7, we have
mkL(ϕ,μ) = sup
{∣∣ϕ(a)∣∣: a ∈ L1(A,L,μ)}.
Now for all ϕ ∈K and K ∈K(σ (M)), we have
∣∣ϕ(a)∣∣ ∣∣ϕ(χKaχK)∣∣+ ∣∣ϕ(a)− ϕ(χKaχK)∣∣. (2.16)
Since (A,L,M) is regular, for any K ∈ K(σ (M)), there exists rK ∈ R such that for all a ∈
L1(A,L,μ) we have ‖χKaχK‖A∗∗  rK . On the other hand, since K is tame, there exists K0 ∈
K(σ (M)) such that
sup
{∣∣ϕ(a − χK aχK )∣∣: a ∈ L1(A,L,μ) and ϕ ∈K } 1. (2.17)0 0
F. Latrémolière / Journal of Functional Analysis 264 (2013) 362–402 381Hence
sup
{∣∣ϕ(a)∣∣: a ∈ L1(A,L,μ) and ϕ ∈K } rK0 + 1
which completes our proof. 
We are now ready to define the main object of study of this paper.
3. Quantum locally compact spaces
We start this section with the definition of a quantum locally compact metric space, which
is a Lipschitz triple for which the extended Monge–Kantorovich metric is topologically well-
behaved. We also define a pointed quantum locally compact metric space, as it will be the main
object of study for quantum Gromov–Hausdorff convergence in [23]. We then turn to proving
characterizations of quantum locally compact metric spaces, since the definition itself can prove
challenging to establish directly. Our characterizations rely on the introduction of a locally con-
vex topology tu on the C∗-algebra component of a quantum locally compact metric space which
will characterize quantum locally compact metric spaces as those Lipschitz triples for which the
Lipschitz ball will be tu-totally bounded. The topology tu depends on the topography, unlike the
weakly uniform topology used for a similar purpose in [22].
3.1. Definition
Definition 3.1. A regular Lipschitz triple (A,L,M) is a quantum locally compact metric space
when, for all tame subsets K of the state space S (A), the topology of the metric space
(K ,mkL) is the relative topology induced by the weak∗ topology restricted on K , where we
denoted the extended Monge–Kantorovich metric associated with (A,L) by mkL.
A quantum locally compact separable metric space is a quantum locally compact metric space
(A,L,M) where A is a separable C∗-algebra.
If (A,L,M) is a quantum locally compact metric space then L is called a Lip-norm.
We shall see in the Examples section below that locally compact metric spaces, compact
quantum metric spaces as defined by Rieffel, and bounded separable quantum locally compact
metric spaces as we defined, tentatively, in [22], all fit within our notion of quantum locally
compact metric space. We also wish to contrast our notion with the very interesting concept
of a W ∗-metric spaces introduced by Kuperberg and Weaver in [20]. We thank the referee of
our present paper for introducing us to [20]. The notion of a W ∗-metric space is inspired by
the standard approach to quantum error correction. A W ∗-metric on a Von Neumann algebra V
acting on some Hilbert space H is given by a W ∗-filtration (Vs)s∈[0,∞) with V0 =V′, where a
W ∗-filtration (Vs)s>0 is a one parameter family of dual operator systems such that VtVs ⊆Vs+t
and Vt =⋂r>t Vr for all s, t ∈ [0,∞) (see [20, Definition 2.1]). This notion allows to define a
distance between projections of the Von Neumann algebra V, and thus in turn, Kuperberg and
Weaver can define Lipschitz elements, uniformly continuous elements, and many other central
notions from metric space theory, which they apply to many contexts. Spectral triples naturally
define W ∗-metrics, and W ∗-metrics in turn, naturally define Lipschitz Leibniz seminorms in the
sense of [33].
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forms of locality. In [20, Definition 3.17], a notion of local convergence between W ∗-metrics is
introduced, where the filtrations are used to provide a mean to “slice” the quantum space and ap-
proximate each slice. Our research into the notion of Gromov–Hausdorff convergence for a class
of quantum locally compact metric spaces suggests, as hinted in many proofs in this paper, the
use of a notion of “slices” as well, though at the level of the state space of the C∗-algebra: namely
the subsets S (A|K), where K ranges among all compact subsets of the Gel’fand spectrum of
M for (A,M) a topographic quantum space. While quite different in practice, these notions both
attempt in their own way to propose a meaning for quantum locality.
A key difference is that our notion of quantum locally compact metric space relies on the
topology on the state space induced by the extended Monge–Kantorovich metric whereas the
notion of a W ∗-metric does not seem to have any such topological requirements. In [20, Def-
inition 4.19], a Lipschitz seminorm is defined from a W ∗-metric, and it would be interesting
to investigate, for the various examples introduced in [20], when such Lipschitz seminorms
can be used to define quantum locally compact metric spaces. One would have, for a given
W ∗-metric on some Von Neumann algebra, to consider the closure of the Lipschitz algebras for
the Von Neumann algebra norm and find a proper topography for these structures – presum-
ably, the topography should be related with the filtration. The topological questions which we
raise here would require much work to be addressed in this fascinating setting, and we leave this
endeavor for further publications.
We take a small detour from our main purpose to characterize Lipschitz triples which are
indeed quantum locally compact metric spaces in order to establish a property which answers
a natural question: given a quantum locally compact metric space (A,L,M), what geometry
does the spectrum of M inherits from the metric data? This is a bit subtle and the subject of the
following result.
Theorem 3.2. Let (A,L,M) be a quantum locally compact metric space. Let σ(M) be the
Gel’fand spectrum of M. For any two states ω,ρ of M, define
d(ω,ρ) = inf{mkL(ϕ,ψ): ϕ,ψ ∈S (A) and [ϕ]M = ω and [ψ]M = ρ}.
Then d is an extended metric on S (M) which, for all K ∈ K(σ (M)), metrizes the relative
topology induced by the weak∗ topology σ(M∗,M) on {ϕ ∈S (M): ϕ(χK) = 1}. In particular,
the restriction of d to σ(M) metrizes the topology of σ(M).
Proof. We first prove that d thus defined is an extended metric on S (M). First, assume
d(ρ,ω) = 0. Let ε > 0. By definition of d, there exist ϕε,ψε ∈ S (A) such that [ϕε]M = ρ
and [ψε]M = ω, while mkL(ϕε,ψε) < ε. Recall from [26] that the quasi-state space of A is
the set of all linear positive functionals of A with norm at most 1, and this set is weak∗ com-
pact. Since the quasi-state space of A is weak∗ compact, there exists some directed set I and
some cofinal monotone function α : I → (0,∞) (where the order on the directed set (0,∞) is
dual to the usual order) such that the subnet (ϕα(λ))λ∈I of (ϕε)ε>0 is weak∗ convergent to some
quasi-state ϕ. We then have [ϕ]M = ρ and thus ϕ ∈S (A). By weak∗ compactness of the quasi-
state-space again, there exists a directed set J and a cofinal, monotone map β : J → I such that
the subnet (ψα◦β(λ))λ∈J of (ψα(λ))λ∈I weak∗ converges to some quasi-state ψ . Since [ψ]M = ω,
we have ψ ∈S (A). Thus, (ϕα◦β(λ))λ∈J and (ψα◦β(λ))λ∈J are weak∗ convergent to, respectively,
the states ϕ and ψ .
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λ ∈ J with λ  λ0 we have α ◦ β(λ) < 13ε. Thus by construction:
∀λ ∈ J, (λ  λ0) ⇒ mkL(ϕα◦β(λ),ψα◦β(λ)) < 13ε.
Then, by weak∗ convergence, there exist λ1, λ2 ∈ J such that
∀λ ∈ J, (λ  λ1) ⇒
∣∣ϕα◦β(λ)(a)− ϕ(a)∣∣< 13ε,
and
∀λ ∈ J, (λ  λ2) ⇒
∣∣ψα◦β(λ)(a)−ψ(a)∣∣< 13ε.
Since J is a directed set, there exists λ ∈ J with λ  λ0, λ  λ1, λ  λ2. Thus
∣∣ϕ(a)−ψ(a)∣∣ ∣∣ϕ(a)− ϕα◦(λ)(a)∣∣+ ∣∣ϕα◦β(λ)(a)−ψα◦β(λ)(a)∣∣+ ∣∣ψα◦β(λ)(a)−ψ(a)∣∣
< ε.
Hence, as ε > 0 was arbitrary, we have ϕ(a) = ψ(a).
Therefore, mkL(ϕ,ψ) = 0. Now, mkL is an extended metric, so ϕ = ψ and thus ρ = ω.
Symmetry is clear. The triangle inequality requires a bit of notation, and can be established as
follows.
Let
l : ψ ∈A∗ → sup{∣∣ψ(a)∣∣: a ∈ sa(A) and L(a) 1}
and note that mkL(ϕ,ψ) = l(ϕ −ψ). Of course, l may take the value ∞, but it is a seminorm on
the subset {λ ∈A∗: l(λ) < ∞}. Now, let
l′ : ω ∈M∗ → inf{l(ψ): [ψ]M = ω}.
Note that by construction, d(ω,ρ) = l′(ω − ρ). On the other hand, l′ is the quotient seminorm of
l by the space {ψ ∈A∗: [ψ]M = 0}. Thus d satisfies the triangle inequality.
Let C ∈ K(σ (M)) be given. Let SC be the space of all Radon probability measures on
σ(M) supported in C. By definition, [S (A|C)]M = SC . Since (A,L,M) is a quantum lo-
cally compact metric space, and since S (A|C) is a tame subset of S (A), the weak∗ topology
of S (A|C) is metrized by mkL. In particular, since S (A|C) is weak∗-compact and metriz-
able, it is weak∗-separable. Hence SC is weak∗ separable. Assume (ϕn)n∈N is a sequence in SC
weak∗ converging to some ϕ∞. Since SC is weak∗ compact, ϕ∞ ∈ SC . Now, let (ϕm(n))n∈N be
an arbitrary subsequence of (ϕn)n∈N. Let (ψn)n∈N be a sequence in S (A|C) such that for all
n ∈ N we have [ψn]M = ϕm(n). Since S (A|C) is weak∗ compact, there exists a subsequence
(ψs(n))n∈N which weak∗ converges to some ψ∞ ∈ S (A|C). By weak∗ continuity of the re-
striction map and uniqueness of the weak∗ limit, we conclude that [ψ∞] = ϕ∞. On the other
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cally compact metric space, we conclude that limn→∞ mkL(ψs(n),ψ∞) = 0. Hence by definition,
limn→∞ d(ϕm(s(n)), ϕ∞) = 0.
Thus, the sequence (d(ϕn,ϕ∞))n∈N has the property that every subsequence has a subse-
quence converging to 0. Hence, the sequence itself converges to 0, as desired.
Identifying d with the distance it induces on C by identifying points of C with their Dirac
probability measures, we see that C is metrized by d. This is sufficient to conclude that d
metrizes σ(M): if (xα)α∈I is some net in σ(M) which converges to some x ∈ σ(M) then the set
{xα, x: α ∈ I } is compact in σ(M), and thus metrized by d. 
Theorem 3.2 gives a necessary regularity condition of the topography of a quantum locally
compact metric space, which brings potentially useful topological results in our context. We
record this necessary condition here.
Corollary 3.3. Let (A,L,M) be a quantum locally compact metric space. Then σ(M) is a para-
compact locally compact metric space.
Proof. This follows from a theorem of A.H. Stone which states that all metric spaces are para-
compact in [37]. 
Since σ(M) is a metric space, it is natural to endow it with the associated Lipschitz seminorm.
One should note that this seminorm is usually dominated by, and not equal to L.
While this paper lays the foundation for our work in the locally compact context for metric
noncommutative geometry, we find it a good place to introduce a notion which will occupy the
central role in [23] where we develop the quantum Gromov–Hausdorff convergence for pointed
quantum locally compact separable metric space:
Definition 3.4. A pointed quantum locally compact metric space (A,L,M,μ) is a quantum
locally compact metric space (A,L,M) and a state μ ∈S (A|M) such that [μ]M is pure.
Definition 3.1 involves proving that the extended Monge–Kantorovich metric gives the weak∗
topology on all tame subsets of the local state space of a regular Lipschitz triple. This should ap-
pear quite a daunting task in general: one may find it rather challenging to describe all tame sets
beyond the very definition we have given for them. Of course, it should not be too surprising that
constructing quantum locally compact metric spaces is an arduous task, as it already is so with
compact quantum metric spaces. On the other hand, a characterization of quantum locally com-
pact metric space more amenable to C∗-algebraic methods would prove quite useful. Rieffel’s
insight for compact quantum metric space was to characterize compact quantum metric spaces
in terms of the unit ball for the Lip-norm.
We propose a similar characterization, though of course ours will be a bit more involved to
handle our greater level of generality. A strong hint for our characterization is our work in [22],
whose main result was recalled in our introduction. Our characterization will make minimal
reference to the state space of a quantum locally compact metric space and rather focus on a
C∗-algebraic criterion of total boundedness of a family of sets for the norm. To obtain such re-
sults, the bridge on which information passes from the state space to the C∗-algebra is a topology
on the latter defined through the former. This is the matter of the next section.
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The weakly uniform topology of [22] was well-suited for bounded quantum metric spaces,
where all weak∗ compact sets are tame, as we shall discuss in the Examples section later in this
paper. Yet, in general, our tameness condition depends on the topographic substructure, and thus
our new topology does too. We introduce:
Definition 3.5. Let (A,M) be a topographic quantum space. We define for any K ∈ K(σ (M))
the seminorm:
PK : a ∈ uA → ‖χKaχK‖A∗∗ .
The (A,M)-topographic uniform topology is the locally convex topology on uA generated by
the set of seminorms {PK : K ∈K(σ (M))}. We denote this topology by tu(A,M).
Proposition 3.6. Let (A,M) be a topographic quantum space. The (A,M)-topographic uniform
topology is Hausdorff.
Proof. Let a ∈A be such that for all K ∈K(σ (M)), we have PK(a) = 0. Thus ‖χKaχK‖A∗∗ =
0. If f1, f2 ∈ sa(M) are compactly supported, with respective supports K1,K2, then
‖f1af2‖A = ‖f1χ(K1∪K2)aχ(K1∪K2)f2‖A∗∗
 ‖f1‖A‖f2‖A‖χ(K1∪K2)aχ(K1∪K2)‖A∗∗ = 0.
Hence, for the approximate identity (fα)α∈I given by Lemma 2.20 and all α ∈ I :
0 ‖a‖A  ‖a − fαafα‖A + ‖fαafα‖A = ‖a − fαafα‖A
 ‖a − fαa‖A + ‖fα‖A‖a − afα‖A α∈I−−→ 0,
i.e. a = 0 as desired. 
The following comparison between our topographic uniform topology and our weakly uni-
form topology, from [22], places tu among the many classical topologies on a C∗-algebra. For
the convenience of the reader, we shall now recall the definition of the weakly uniform topology,
and refer to [22] for its relation to the weak, strict, strongly uniform and norm topologies.
Definition 3.7. Let A be a C∗-algebra and let S be the set of all weak∗ compact subsets of S (A).
For each K ∈S we define
pK : a ∈A → sup
{∣∣ϕ(a)∣∣: ϕ ∈K }.
Then pK is a seminorm on A for all K ∈S. The weakly uniform topology on A is the locally
convex topology on A generated by the set {pK : K ∈S} of seminorms of A.
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Then the topographic uniform topology and the weakly uniform topology gives the same relative
topology to B.
Proof. Let M = sup{‖a‖A: a ∈ B}. The weakly uniform topology is stronger than tu by def-
inition. Let (aα)α∈I be a net in B converging in B to a for the topographic uniform topol-
ogy. Let ε ∈ (0,1). Let K be a weak∗ compact subset of S (A). By Theorem 2.22, K is
tight, so there exists K ∈ K(σ (M)) such that for all C ∈ K(σ (M)) with K ⊆ C we have
sup{ϕ(1uA − χC): ϕ ∈K } ε. On the other hand, for all ϕ ∈K , Inequation (2.9) in the proof
of Proposition 2.24 gives us, for all a ∈A and ϕ ∈K :
∣∣ϕ(a)−ψK(a)∣∣ 2ε∣∣ϕ(a)∣∣+ 2ϕ(1 − χK)‖a‖A  4Mε,
where ψK : a ∈A → ϕ(χK)−1ϕ(χKaχK) ∈S (A|K).
Now, by assumption, (aα)α∈I converges uniformly to a for PK . Let β ∈ I such that for all
β  α and for all ψ ∈ S (A|K) we have |ψ(a) − ψ(aβ)|  ε. Then for all ϕ ∈ K we have
|ϕ(aβ)− ϕ(a)| (8M + 1)ε. Hence limα∈I sup{|ϕ(aα)− ϕ(a)|: ϕ ∈K } = 0 as desired. 
We shall see in the Examples section that, in general, the topographic uniform topology is
strictly weaker than the weakly uniform topology.
Now, by definition, a subset B of A is totally bounded for the seminorm PK if and only if
the set χKBχK is totally bounded in the norm of A∗∗. With this observation in mind, the central
theorem of this paper is the following bridge result, of which our two other characterizations are
corollaries.
Theorem 3.9. Let (A,L,M) be a Lipschitz triple. The following assertions are equivalent:
(1) (A,L,M) is a quantum locally compact metric space.
(2) For all μ ∈S (A|M), the set:
L1(A,L,μ) =
{
a ∈ uA: L(a) 1 and μ(a) = 0}
is totally bounded in the (A,M)-topographic uniform topology, i.e. for all K ∈ K(σ (M)),
the set χKL1(A,L,μ)χK is norm totally bounded in A∗∗.
(3) For some μ ∈S (A|M) and for all K ∈K(σ (M)), the set χKL1(A,L,μ)χK is norm totally
bounded in A∗∗ (i.e. L1(A,L,μ) is (A,M)-topographic uniform topology-totally bounded).
Proof. Assume that (A,L,M) is a quantum locally compact metric space. Let μ be a local state.
Let K ∈K(σ (M)). For any a ∈ sa(uA) we define
ΘS (A|K)(a) : ϕ ∈S (A|K) → ϕ(a).
The map ΘS (A|K)(a) is continuous from the weak∗ topology on S (A|K) to R for all a ∈
sa(uA). Let C(S (A|K)) be the real Banach space of real valued weak∗ continuous functions on
S (A|K), with the supremum norm denoted by ‖ · ‖C(S (A|K)).
Now, since (A,L,M) is a regular Lipschitz triple, the extended Monge–Kantorovich metric
mkL restricted to S (A|K) is in fact a metric, and there exists r ∈ R such that mkL(ϕ,μ)  r
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μ ∈S (A|K ′), the latter being bounded for mkL. So, for all a ∈ L1(A,L,μ) we have
∥∥ΘS (A|K)(a)∥∥C(S (A|K)) = sup{∣∣ϕ(a)∣∣: ϕ ∈S (A|K)}
= sup{∣∣ϕ(a)−μ(a)∣∣: ϕ ∈S (A|K)}
 r.
Since (A,L,M) is a quantum locally compact metric space and S (A|K) is tame by Propo-
sition 2.29, the topology induced by mkL on S (A|K) is the relative topology induced by the
weak∗ topology. On the other hand, by definition of mkL, we have, for all a ∈ L1(A,L,μ), that
∣∣ΘS (A|K)(a)(ϕ)−ΘS (A|K)(a)(ψ)∣∣= ∣∣ϕ(a)−ψ(a)∣∣mkL(ϕ,ψ)
so ΘS (A|K)(a) is 1-Lipschitz on (S (A|K),mkL). Thus, the set:
ΘS (A|K)
(
L1(A,L,M)
)= {ΘS (A|K)(a): a ∈ L1(A,L,μ)}
is an equicontinuous, bounded subset of C(S (A|K)), and S (A|K) is weak∗ compact, so by the
Arzéla–Ascoli theorem, ΘS (A|K)(L1(A,L,M)) is totally bounded for ‖ · ‖C(S (A|K)). Now, by
definition and Lemma 2.32, we have
∥∥ΘS (A|K)(a)∥∥C(S (A|K)) = PK(a)
for all a ∈ uA, so we conclude that L1(A,L,M) is totally bounded for PK as desired. So
L1(A,L,μ) is tu-totally bounded.
Thus (1) implies (2). Of course, (2) implies (3) trivially.
Last, assume that L1(A,L,μ) is tu-totally bounded for some local state μ. First, by Proposi-
tion 2.34, since for all K ∈K(σ (M)) the set χKL1(A,L,M)χK is totally bounded in A∗∗, hence
bounded, in norm, the Lipschitz triple (A,L,M) is a regular.
Let K be an (A,L,M)-tame subset of S (A). By Proposition 2.10, the extended Monge–
Kantorovich metric mkL induces a finer topology on K than the weak∗ topology. It is thus
sufficient to show that the weak∗ topology is finer than the metric topology induced by mkL.
Let (ϕα)α∈I be a net in K indexed by a directed set I , and weak∗ convergent to ϕ in K . The
set Φ = {ϕα,ϕ: α ∈ I } is weak∗ compact by construction and tame, as it is a subset of a tame
set.
We start with the key role than tameness plays in this proof. Since Φ is tame, there exists
K ∈K(σ (M)) such that
sup
{∣∣ψ(a − χKaχK)∣∣: ψ ∈ Φ, a ∈ L1(A,L,μ)} 19ε. (3.1)
Since L1(A,L,M) is totally bounded for PK , there exists a finite subset F ⊆ L1(A,L,μ) such
that
∀a ∈ L1(A,L,μ), ∃f (a) ∈ F, PK
(
f (a)− a) 1ε.9
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∣∣ψ(χKaχK)−ψ(χKf (a)χK)∣∣ PK(a − f (a))
for all ψ ∈S (A) and a ∈ sa(uA). Thus for all ψ ∈ Φ and a ∈ L1(A,L,M):
∣∣ψ(a)−ψ(f (a))∣∣ ∣∣ψ(a)−ψ(χKaχK)∣∣+ ∣∣ψ(χKaχK)−ψ(χKf (a)χK)∣∣
+ ∣∣ψ(χKf (a)χK − f (a))∣∣ 13ε. (3.2)
Let ω ∈ I be chosen so that if α  ω and b ∈ F then |ϕα(b) − ϕ(b)| 13ε. This is of course
possible since I is directed and F is finite.
Now, for any a ∈ L1(A,L,μ) and α ∈ I with α  ω, we have
∣∣ϕα(a)− ϕ(a)∣∣ ∣∣ϕα(a)− ϕα(f (a))∣∣+ ∣∣ϕα(f (a))− ϕ(f (a))∣∣+ ∣∣ϕ(f (a))− ϕ(a)∣∣
 1
3
ε + 1
3
ε + 1
3
ε = ε.
Hence mkL(ϕα,ϕ) ε for α  ω, thus proving that the net (ϕα)α∈I converges to ϕ in for mkL as
desired. 
3.3. C∗-algebraic characterizations of topographic quantum locally compact metric spaces
We offer two alternative characterizations for quantum locally compact metric spaces.
This section first offers a characterization of quantum locally compact metric spaces which
avoids the use of projections, which involve working in the enveloping Von Neumann algebra of
a C∗-algebra and thus may in general be challenging. The second result is a characterization for
quantum locally compact separable metric spaces. Many examples in practice will be quantum
locally compact separable metric spaces, and the addition of the separability condition leads to a
very nice characterization.
For an Abelian C∗-algebra M, the notion of a compactly supported element is well-defined,
by identifying M with the C∗-algebra C0(σ (M)) of continuous functions on the spectrum of M
vanishing at infinity. Our main result for this section is:
Theorem 3.10. Let (A,L,M) be a Lipschitz triple. The following assertions are equivalent:
(1) (A,L,M) is a quantum locally compact metric space.
(2) For all μ ∈ S (A|M) and for all compactly supported a, b ∈ M, the set aL1(A,L,μ)b is
totally bounded in the norm topology of uA.
(3) For some μ ∈S (A|M) and for all compactly supported a, b ∈M, the set aL1(A,L,μ)b is
totally bounded in the norm topology of uA.
Proof. Assume first that (A,L,M) is a quantum locally compact metric space. By Theorem 3.9,
χKL1(A,L,μ)χK is totally bounded in norm for all K ∈ K(σ (M)) and all local states μ.
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χKb = b. Hence for all c ∈ uA:
‖acb‖A  ‖aχKcχKb‖A∗∗  ‖a‖A‖b‖B‖χKcχK‖A∗∗ .
Hence, for all local states μ, since χKL1(A,L,μ)χK is totally bounded in ‖ · ‖A∗∗ , so is
aL1(A,L,μ)b. As aL1(A,L,μ)b ⊆ uA, and ‖ · ‖uA equals to the restriction of ‖ · ‖A∗∗ to uA,
we have proven that (1) implies (2).
The second assertion obviously implies the third.
Assume now that for some μ ∈ S (A|M) and for all compactly supported a, b ∈ M, the set
aL1(A,L,μ)b is totally bounded in the norm topology of uA.
Let K ∈ K(σ (M)). There exists c ∈ sa(M) compactly supported such that χKc = χK by
Urysohn’s lemma for locally compact Hausdorff spaces. Hence, for all a ∈ L1(A,L,μ) we have
‖χKaχK‖A∗∗ = ‖χKcacχK‖A∗∗  ‖cac‖uA.
We thus easily deduce that, since cL1(A,L,μ)c is totally bounded for ‖ · ‖uA, the set
χKL1(A,L,μ)χK is totally bounded for ‖ · ‖A∗∗ . By Theorem 3.9, we conclude that (A,L,M)
is a quantum locally compact metric space. This proves our theorem. 
We now turn to the important special case of quantum locally compact separable metric
spaces. We note that by assumption, if (A,M) is a topographic quantum space and h ∈ M is
a strictly positive element in M then it is also a strictly positive element in A, and conversely if
h ∈ M is strictly positive for A then it is so as well in M. This follows from Proposition 2.26,
for instance.
Theorem 3.11. Let (A,L,M) be a Lipschitz triple where A is separable. The following assertions
are equivalent:
(1) (A,L,M) is a quantum locally compact separable metric space.
(2) There exists a strictly positive element h ∈ M such that for all μ ∈ S (A|M), the set
hL1(A,L,μ)h is totally bounded for ‖ · ‖uA.
(3) There exists a strictly positive element h ∈M and a local state μ such that hL1(A,L,μ)h is
totally bounded for ‖ · ‖uA.
Proof. Assume that (A,L,M) is a quantum locally compact separable metric space. Fix a local
state μ.
Since A is separable, so is M, so σ(M) is a separable locally compact Hausdorff space. Let
(Kn)n∈N be an increasing sequence of compact subsets of σ(M) such that
⋃
n∈NKn = σ(M)
and Kn ⊆ (intKn+1) for all n ∈ N where (intT ) is the topological interior of any subset T
of σ(M). For instance, since there exists f ∈M strictly positive as M separable [26], we could
choose Kn = f−1([ 1n+1 ,‖f ‖M]) for all n ∈ N. Since f ∈ C0(σ (M)) and f  0, the set Kn is
compact for all n ∈ N. We also note that Kn ⊆ f−1(( 1n+2 ,‖f ‖M]) ⊆ intKn+1 for all n ∈ N.
Last, if x ∈ σ(M) then f (x) > 1
n+1 for some n ∈N since f is strictly positive, so x ∈ Kn.
Let pn = χKn and cn ∈ sa(M) be such that cnpn = pn and cn(1 −pm) = 0 while ‖cn‖uA = 1
for all n,m ∈ N with m > n. Such a construction is done simply by induction and using the
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ported in M for all n ∈N.
We now select a sequence (xn)n∈N of nonnegative real numbers as follows. For n ∈N, the set
cnL1(A,L,μ)cn is totally bounded in ‖ · ‖uA by Theorem 3.10, hence bounded by some Rn ∈R.
Let xn = 2−n(max{Rn,1})−1.
Since (
∑
xncn)n∈N is absolutely summable by construction, we can define
h =
∞∑
n=0
xncn ∈M.
It is easy to check that by construction, (cn)n∈N is an approximate unit of M, so the element h is
strictly positive in M, and hence in A by Proposition 2.26.
Now, since (cn)n∈N satisfies the relations cncm = cn if n  m for all n,m ∈ N, we note that
for all a ∈ uA, n,m ∈N, if nm then
‖cnacm‖uA = ‖cncmacm‖uA  ‖cmacm‖uA
and similarly ‖cmacn‖uA  ‖cmacm‖uA. Also, by construction, we have ∑∞n=0 xn  1. Hence,
for all a ∈ L1(A,L,μ), we have
‖hah‖uA 
∞∑
n=0
∞∑
m=0
xnxm‖cnacm‖uA (3.3)

∞∑
n=0
(
n∑
m=0
xm
)
xn‖cnacn‖uA +
∞∑
n=0
∞∑
m=n+1
xmxn‖cmacm‖uA (3.4)

∞∑
n=0
xn‖cnacn‖uA +
∞∑
m=1
(
m∑
n=0
xn
)
xm‖cmacm‖uA (3.5)
 2
∞∑
n=0
xn‖cnacn‖uA. (3.6)
Let ε > 0. Let N ∈ N such that ∑∞n=N+1 2−n  12ε. By the choice of (xn)n∈N, for all a ∈
L1(A,L,μ) we have
∞∑
n=N+1
xn‖cnacn‖uA 
∞∑
n=N+1
2−n  1
2
ε.
On the other hand, since cNcn = cn for all n N , if we set M =∑Nn=0 xn then we have for
all a ∈ uA:
N∑
xn‖cnacn‖uA M‖cNacN‖uA.n=0
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cNL1(A,L,μ)cN is totally bounded for ‖ · ‖uA. Therefore, there exists a finite subset F of
L1(A,L,μ) such that for all a ∈ L1(A,L,M) there exists f (a) ∈ L1(A,L,μ) with ‖cN(a −
f (a))cN‖uA  12M ε.
Thus
∥∥h(a − f (a))h∥∥
uA
 1
2
ε +M∥∥cN (a − f (a))cN∥∥uA  ε.
Thus hL1(A,L,μ)h is totally bounded for the topology of the norm ‖ · ‖uA.
Our construction of h depends on the choice of the local state μ: namely, we have thus far
shown that for all local state μ of (A,M), there exists a strictly positive element h with the
desired property. We now prove that in fact, the element h constructed above for a given local
state μ satisfies that hL1(A,L, ν)h is totally bounded in norm for any local state ν of (A,M).
Let ν ∈S (A|M). Let (an)n∈N be a sequence inL1(A,L, ν). By definition, (an−μ(an)1uA)n∈N
is a sequence in L1(A,L,μ). Since hL1(A,L,μ)h is totally bounded for ‖ ·‖uA and uA is a com-
plete metric space for the distance induced by ‖ · ‖uA, there exists a subsequence (aγ (n))n∈N of
(an)n∈N such that
(
h
(
aγ (n) −μ(aγ (n))
)
h
)
n∈N
converges in norm. Now, since ν,μ are local states, we have mkL(μ, ν) < ∞. Thus, for all n ∈N,
since we have ν(an) = 0, we conclude, by definition of mkL, that μ(an)  mkL(μ, ν). Thus
(μ(aγ (n)))n∈N is a bounded sequence in R. Consequently, there exists a convergent subsequence
(μ(aγ ◦δ(n)))n∈N of (μ(aγ (n)))n∈N. Hence, the sequence (haγ ◦δ(n)h)n∈N converges in norm in uA.
Therefore, hL1(A,L, ν)h has compact closure for ‖ · ‖uA, i.e. hL1(A,L, ν)h is totally bounded
for ‖ · ‖uA.
The second assertion implies the third trivially.
Assume now that there exists a strictly positive h ∈ M and some local state μ ∈ S (A|M)
such that hL1(A,L,μ)h is totally bounded for ‖ · ‖uA. Let a, b be two compactly supported
elements in M. Since h is strictly positive in M and a and b are compactly supported, there exist
s, t ∈M such that sh = a and ht = b. To be specific, and illustrate why it matters that a (and b)
are compactly supported, note that h is bounded below on the support of a, since the latter is
compact and h is continuous. As h is strictly positive, there exists r > 0 such that r  h on the
support of a. Thus we can define a bounded element s by s : x ∈ σ(M) → a(x)
h(x)
 ‖a‖uA
r
< ∞.
Of course, s is also compactly supported, with the same support as a. If a was not compactly
supported, the division may lead to an unbounded element.
We then have for all c ∈ L1(A,L,M):
‖acb‖uA = ‖shcht‖uA  ‖s‖uA‖t‖uA‖hch‖uA. (3.7)
Hence, since hL1(A,L,M)h is totally bounded in ‖ · ‖uA, so is aL1(A,L,M)b. Thus by
Theorem 3.10, the Lipschitz triple (A,L,M) is a quantum locally compact separable metric
space. 
This completes our foundations for quantum locally compact metric spaces theory. We turn
our attention to some examples.
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We choose to illustrate our results with some fundamental examples. We start by casting the
notion of a locally compact metric space in the framework of quantum locally compact metric
spaces, of course. We then show that Rieffel’s notion of compact quantum metric spaces and our
previous notion of separable bounded quantum locally compact metric spaces both are special
cases of our approach. We then give a first, simple example of metric on the algebra of compact
operators of a separable Hilbert space, which shows some of the noncommutative phenomena
which led us to our approach.
We then conclude with the main example of this section, which is the Moyal plane with a
natural spectral triple introduced in [13]. This shows a very natural example of an unbounded
quantum locally compact metric space on a simple C∗-algebra.
4.1. Locally compact metric spaces
Our first example shows how the concept of a locally compact metric space fits within the
framework of quantum locally compact metric space.
Theorem 4.1. Let (X,m) be a locally compact metric space and let C0(X) be the C∗-algebra
of complex-valued continuous functions on X vanishing at infinity. Let Lipm be the Lipschitz
seminorm:
Lipm : f ∈ C0 → sup
{ |f (y)− f (x)|
m(y,x)
: x, y ∈ X and x = y
}
.
The Lipschitz triple (C0(X),Lipm,C0(X)) is a quantum locally compact metric space.
Proof. Let x0 ∈ X be any point. The Dirac probability measure δx0 is supported on the com-
pact {x0}, so it is a local state. Let
L= L1
(
C0(X),Lipm, δx0
)= {f ∈ uC0(X): Lipm(f ) 1 and f (x0) = 0}.
Let K ∈ K(X). Since K is compact and x ∈ X → m(x0, x) is 1-Lipschitz, hence continuous,
there exists R > 0 such that x ∈ K ⇒ m(x,x0)R. Let f ∈ L1(C0(X),Lipm, δx0). Then since f
is 1-Lipschitz, we have |f (x)| |f (x)−f (x0)|R for all x ∈ K . Hence the set {χKf : f ∈ L}
is bounded in norm and equicontinuous on K (since all its members can be seen as 1-Lipschitz
functions for the restriction of m to K). Consequently, by Arzéla–Ascoli, the set χKL is norm
precompact (for the norm of L∞(X)). By Theorem 3.9 and since χKLχK = χKL as C0(X) is
Abelian and χK is a projection, we conclude that (C0(X),Lipm,C0(X)) is a quantum locally
compact metric space. 
We note that, even for classical separable locally compact metric spaces, we cannot use an
arbitrary strictly positive element in Theorem 3.11. Indeed, if we equip R with its usual metric
and denote the associated Lipschitz seminorm by Lip, then we note that if h : x ∈ R → 14√|x|+1 ,
then h ∈ C0(R) is a strictly positive element, yet hL1(C0(R),Lip, δ0)h is not totally bounded
in norm – it is in fact not even bounded. Yet, Theorem 4.1 shows that (C0(R),Lip,C0(R)) is a
quantum locally compact metric space, which is obviously separable, and the Dirac probability
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elements chosen in Theorem 3.11 must decay faster than the distance grows at infinity. This
phenomenon will be illustrated again in the section below on bounded separable quantum locally
compact metric space, where indeed any strictly positive element could be used.
4.2. Compact quantum metric spaces
To another extreme from the Abelian locally compact space, we find the class of compact
quantum metric spaces introduced by Rieffel. We recall from [30] a characterization of these
spaces. A pair (A,L) is a compact quantum metric space if A is an order unit space and L is a
seminorm defined on a dense subset of A containing the unit of A and such that:
(1) L(a) = 0 if and only if a is a scalar multiple of the unit of A.
(2) The diameter of S (A) is bounded for mkL.
(3) The image of the set {a ∈ sa(A): L(a) 1} by the linear quotient surjection π :A → A/C1A
is norm precompact for the quotient norm on A/C1A.
These conditions are equivalent to mkL metrizing the weak∗ topology on S (A). Condition (3)
can be replaced with the requirement that {a ∈ sa(A): L(a) 1 and ‖a‖ r} is norm precompact
when r is the diameter of (S (A,mkL)). Of course, our framework for quantum locally compact
metric spaces requires us to work with C∗-algebras rather than order-unit spaces. Within this
limitation, we have:
Theorem 4.2. Let (A,L) be a Lipschitz pair with A unital. An Abelian C∗-subalgebra M of A
is a topography for A if and only if M is unital with the same unit as A, and the following are
equivalent:
(1) (A,L) is a compact quantum metric space.
(2) (A,L,C1uA) is a quantum locally compact metric space.
(3) For all Abelian C∗-subalgebras M of A with 1uA ∈ M, the Lipschitz triple (A,L,M) is a
quantum locally compact separable metric space.
(4) There exists an Abelian C∗-subalgebra M of A with 1uA ∈M such that the Lipschitz triple
(A,L,M) is a quantum locally compact metric space.
(5) For all strictly positive elements h ∈A, the Lipschitz triple (A,L,C∗(h)) is a quantum locally
compact separable metric space.
(6) There exists a strictly positive element h ∈A such that the Lipschitz triple (A,L,C∗(h)) is a
quantum locally compact metric space.
Proof. If M is an Abelian C∗-subalgebra of A such that (A,M) is a topographic quantum space,
then M contains an approximate unit for A, and since A is unital, this approximate unit con-
verges in norm to 1uA. Since M is closed, M is unital with unit 1uA. Conversely, if M is an
Abelian C∗-subalgebra of A with 1uA ∈M then by definition, (A,M) is a topographic quantum
space.
We also note that if A is unital and h ∈ A is strictly positive in A, then C∗(h) contains an
approximate unit, so 1uA ∈ C∗(h) (in fact, in this case h is invertible). Thus for all strictly
positive h ∈A, the pair (A,C∗(h)) is a topographic quantum space.
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(S (A),mkL) is a compact metric space, so it is separable. Since any continuous linear func-
tional on A is the linear combination of four states, we conclude A∗ is separable, and thus A is
separable.
Let μ be a state. The state space S (A) has finite radius for the extended Monge–Kantorovich
metric, i.e. for some r ∈R:
sup
{∣∣ϕ(a)−μ(a)∣∣: a ∈ sa(A) and L(a) 1, ϕ ∈S (A)}= r.
Equivalently, sup{sup{|ϕ(a)|: ϕ ∈S (A)}: a ∈ L1(A,L,μ)} = r , i.e.:
L1(A,L,μ) ⊆
{
a ∈ sa(A): L(a) 1 and ‖a‖A  r
}
with the latter set being norm totally bounded since (A,L) is a compact quantum metric space.
Thus (A,L,C1uA) is a quantum locally compact separable metric space by Theorem 3.11. This
proves that (1) implies (2).
Assume now that (A,L,C1uA) is a quantum locally compact separable metric space and let
M be any Abelian C∗-subalgebra of A with 1uA ∈ M. By definition, M is a topography of A.
Let c, d ∈M be compactly supported positive elements in M. Let μ ∈S (A) =S (A|M). The
map θ : a ∈A → cad is linear and bounded with norm bounded above by ‖c‖‖d‖, so the image
of the norm-totally bounded set L1(A,L,μ) by θ is a totally bounded set in norm, and is equal
to cL1(A,L,μ)d . This proves (2) implies (3) by Theorem 3.10. Of course, (3) implies (4), (5)
and (6).
Assume that for some strictly positive element h, the set (A,L,C∗(h)) is a quantum locally
compact separable metric space. Then 1uA ∈ C∗(h) is compactly supported, thus any state μ of
A is local in (A,C∗(h)) and by Theorem 3.10, the set L1(A,L,μ) is totally bounded in norm.
Thus (6) implies (2).
Last, assume that (A,L,C1uA) is a quantum locally compact separable metric space. There-
fore, (A,L,C1uA) is regular, and since 1uA is a projection in C1uA, the state space S (A) =
{ϕ ∈S (A): ϕ(1uA) = 1} has finite diameter for mkL. Thus, L1(A,L,μ) is norm bounded for any
state μ by Theorem 3.11. Now, the image of L1(A,L,μ) by the quotient map π :A → A/C1uA
of Banach spaces is thus norm precompact for the quotient norm on A/C1uA and is easily
checked to be the same as the image of {a ∈ sa(A): L(a)  1} by π . Thus by [30], (A,L) is
a compact quantum metric space. Thus (2) implies (1) as desired. 
Thankfully, the reader can feel reassured that a compact quantum locally compact metric space
is indeed a compact quantum metric space and vice versa, with no ambiguity in the terminology
we introduced.
4.3. Bounded separable quantum metric spaces
Our work in [22] suggests that a bounded, non-compact quantum locally compact separable
metric space (A,L) should be a Lipschitz pair such that:
Condition 4.3 (Boundedness Condition). L= {a ∈ sa(A): L(a) 1} is norm bounded.
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such that hLh is totally bounded in norm.
This definition for a bounded separable metric quantum space was used, for instance, in [3].
Note that unlike our new setup, the second condition is equivalent to asking for all strictly positive
elements h ∈A, the set hLh is totally bounded in norm. We only give a name to these conditions
to clarify our exposition in this section, since a priori we have now two notions of bounded
quantum metric spaces.
This tentative definition has a few problems, and in fact, our attention in [22] was less on
this notion and more on the notion of bounded-Lipschitz distance, which metrizes the weak∗
topology on the whole state space even in the non-unital (and not necessarily bounded) case, as
we discussed in the introduction. A drawback of this tentative definition is that it does not fit the
compact case or, of course, the unbounded case at all (even for a compact quantum metric space,
L would not be norm bounded).
Yet, Proposition 3.8 shows that on bounded sets, the topographic uniform topology and the
weakly uniform topology agree. Thus, we are able to show that bounded, non-compact quantum
locally compact metric spaces are indeed given by this older approach of ours. We start with
a first observation, which explains that in the bounded case, the notion of a tame set is redun-
dant:
Proposition 4.5. Let (A,L,M) be a quantum locally compact metric space where L =
{a ∈ sa(A): L(a) 1} is norm bounded. Then every weak∗ compact subset of S (A) is tame.
Proof. Let K be a weak∗ compact subset of S (A). By Theorem 2.22, the set K is tight.
Now, for all a ∈ sa(uA) with L(a)  1, for all K ∈ K(σ (M)) and for all ϕ ∈ K , we have by
Cauchy–Schwarz:
∣∣ϕ(a)− ϕ(χKaχK)∣∣ ∣∣ϕ((1uA − χK)aχK)∣∣+ ∣∣ϕ(χKa(1uA − χK))∣∣
+ ∣∣ϕ((1uA − χK)a(1uA − χK))∣∣
 3
√
ϕ(1uA − χK)‖a‖uA. (4.1)
Since L1 is bounded in norm and K is tight, we conclude from Inequality (4.1) that K is
tame. 
We thus have the complete picture for quantum locally compact metric space of bounded
diameter:
Theorem 4.6. Let (A,L) be a Lipschitz pair with A not unital. Then the following are equivalent:
(1) (A,L) satisfies Condition 4.3 and Condition 4.4.
(2) There exists a strictly positive element h such that (A,L,C∗(h)) is a quantum locally com-
pact separable metric space whose state space has finite diameter for the extended Monge–
Kantorovich metric associated with (A,L).
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say r ∈R. Let μ ∈S (A|M). Let a ∈ sa(A) with L(a) 1. By assumption, for all ϕ ∈S (A) we
have
∣∣μ(a)− ϕ(a)∣∣ r.
Since A is not unital, 0 ∈ σ(a), and thus there exists a net (ϕα)α∈I such that limα∈I ϕα(a) = 0.
Therefore, sup{|μ(a)|: a ∈ sa(A) and L(a) 1} r .
On the other hand, the set L1(A,L,M) is bounded in norm by Proposition 2.7, since the
diameter of S (A) is an upper bound for sup{|ϕ(a)|: ϕ ∈ S (A), a ∈ L1(A,L,μ)}, which is of
course sup{‖a‖uA: a ∈ L1(A,L,μ)}.
Now, since (A,L,M) is a quantum locally compact separable metric space, by Theo-
rem 3.11, there exists h ∈ M, strictly positive, such that hL1(A,L,μ)h is norm precompact.
Let (an)n∈N be a sequence in L1. Then (h(an −μ(an)1uA)h)n∈N admits a norm convergent sub-
sequence (h(am(n) −μ(am(n))1uA)h)n∈N, as a sequence in the norm precompact hL1(A,L,μ)h.
In turn, the sequence (μ(am(n)))n∈N is bounded in R so it admits a convergent subsequence
(μ(am◦k(n)))n∈N. It is then immediate that (ham◦k(n)h)n∈N converges in norm. Hence hLh is
precompact in norm.
Hence (A,L) satisfies Conditions 4.3 and 4.4.
Conversely, assume that (A,L) meets Conditions 4.3 and 4.4. Then for any strictly posi-
tive element h ∈ A, the set h{a ∈ sa(A): L(a)  1}h is precompact in norm, and {a ∈ sa(A):
L(a)  1} is bounded in norm. Thus, for any state μ we have sup{|μ(a)|: a ∈ sa(A) and
L(a) 1} < ∞. By proceeding as in the first half of this proof, we conclude that hL1(A,L,μ)h
is precompact in norm in uA. Thus (A,L,C∗(h)) is a quantum locally compact separable metric
space whose state space has finite diameter by construction. 
The reader may thus forget the so-called boundedness and local total boundedness condi-
tions, as the concept of quantum locally compact metric space offers a more coherent and
general context in which bounded quantum locally compact separable metric spaces fit unam-
biguously.
We now turn to two classes of examples which give unbounded state spaces in the extended
Monge–Kantorovich metric and are noncommutative, even simple in the next section.
4.4. A first quantum metric on the compact operators C∗-algebra
This section presents a quantum locally compact metric space structure over the simple
C∗-algebra of compact operators. This serves two purposes. First, this is an example of a simple
C∗-algebra to which our theory applies. In general, such constructions are left for our coming
publications, as they are often involved and would considerably extend this paper. Thus, we take
advantage of this simpler construction as an illustration of our theory in an accessible yet non-
trivial case. Second, this example illustrates a very important point: even if one restricts attention
to states which are supported by a compact projection within a quantum locally compact metric
space, it is still possible to find states at infinite distance. Thus, our definition for regularity of a
Lipschitz triple is really as general as one can hope.
Proposition 4.7. Let K be the C∗-algebra of compact operators on a separable Hilbert
space H. Let (ζn)n∈N be a Hilbert basis for H. Let Pn be the orthogonal projection of H onto
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for all n ∈N we have ωn  α. Define, for any n ∈N:
L : T ∈ K → sup{ω−1n ‖PnaPn‖K: n ∈N}. (4.2)
Let D be the C∗-subalgebra of K consisting of compact operators which are diagonal in (ζn)n∈N,
i.e. the C∗-algebra generated by (Pn)n∈N. Note that D is Abelian.
Then (K,L,D) is a quantum locally compact metric space.
Proof. Since ωn is strictly positive for all n ∈ N, we have L(a) = 0 if and only if a = 0. More-
over, since ω−1n  α−1 for all n ∈ N, we have for all a ∈ K that L(a) α−1‖a‖K. Thus, the pair
(K,L) is a Lipschitz pair. Moreover, (Pn)n∈N is an approximate unit for K in D, so (K,L,D) is
a Lipschitz triple.
Let μ be the state of K defined by P0T P0 = μ(T )P0 for all T ∈ K. Since μ(P0) = 1 and
P0 ∈ D, the state μ is local. Let a ∈ L1(K,L,μ). By definition, ‖PnaPn‖K  ωn for all n ∈ N.
Thus PnL1(K,L,μ)Pn is norm bounded in the finite dimensional matrix algebra PnKPn, so it is
norm precompact. Now, if Q ∈ D is a projection, then QL1(A,L,μ)Q ⊆ PnL1(A,L,μ)Pn for
some n ∈ N, so it is also norm precompact. By Theorem 3.9, the Lipschitz triple (K,L,D) is a
quantum locally compact metric space. 
Now, keeping the notation of Proposition 4.7, let ξ = ∑n∈N 1n+1ζn. An easy computation
shows that, if Pξ is the orthogonal projection on Cξ , the state ϕ, defined by PξT Pξ = ϕ(T )Pξ
for all T ∈ K, is at infinite distance from the local state μ, and thus {ϕ} is not tame. However,
ϕ(Pξ ) = 1 and Pξ is a compactly supported projection [1]. Thus we see that requiring all weak∗
compact convex faces of S (K) to be tame would be too strong and exclude this metric (and
the one in the next section). This is quite different from the commutative case, where all weak∗
compact convex faces are tame.
Moreover, let G be the C∗-subalgebra of K of operators diagonal in some Hilbert base con-
taining the vector ‖ξ‖−1H ξ with ξ ∈H defined above. Then we see that (K,L,G) is not a quantum
locally compact metric space, as it is in fact not even a regular Lipschitz triple. This illustrates
the dependence of our concept on the choice of a topography, in general.
4.5. A metric on the Moyal plane
We now present a quantum locally compact separable metric space structure on the C∗-algebra
of compact operators on a separable Hilbert space, seen as the Moyal plane. We shall heavily
rely on the computations found in [5] for this section, and we refer to [14,15,13] for detailed
expositions on the Moyal plane as a noncommutative geometric object. The main result of this
section is that our framework applies to this very important example. We only present the material
we need to establish our result, as any reasonable presentation of the Moyal plane would go
beyond the scope of this paper.
Fix θ > 0. The Moyal plane Mθ is informally the quantum phase space of the quantum har-
monic oscillator. It is a strict quantization of the usual plane R2 toward the canonical Poisson
bracket on C0(R2), rescaled by a “Plank constant” θ . There are many ∗-algebras describing ob-
servables on the Moyal plane, associated with various degrees of differentiability. However, our
result is concerned with the C∗-algebra of continuous observables on the Moyal plane, which is
the C∗-algebra Mθ = C∗(R2, σθ ) where
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(
2iπθ(p1q2 − p2q1)
)
is a bicharacter on R2. This C∗-algebra is easily seen to be *-isomorphic to the C∗-algebra K of
compact operators on L2(R). However, we follow here the standard presentation of the Moyal
plane, which uses a twisted product (rather than a twisted convolution) obtained by conjugating
the twisted convolution by the Fourier transform.
We now turn to the technical elements from [14,15,13] needed for our result. Fix θ > 0. Let
S be the space of C-valued Schwartz functions on R2. For any f,g ∈ S we define
f  g : x ∈R2 → 1
(πθ)2
∫ ∫
R2×R2
f (x + y)g(x + z)σ (y, z) dy dz. (4.3)
The pair (S, ) is an associative *-algebra, and is a *-algebra which we denote by Sθ if one takes
complex conjugation as the *-operation. The integral defines a trace on Sθ .
We write x for the function x : (t, u) ∈ R2 → t and p for p : (t, u) ∈ R2 → u. Denote z =
1√
2
(x + ip). Let f0,0 = 1√2πθ exp(−2π
x2+p2
θ
) be the Gaussian density of expectation zero and
variance θ normalized so that ‖f0,0‖L2(R2) = 1. For any n,m ∈ N we set fn,m = 1√θm+nm!n!zn 
f0,0  zm. We note that all elements of S are elements of L2(R2), and we denote the standard
inner product on L2(R2) by 〈·,·〉. We have the following essential observations, denoting by δmn
the Kronecker symbol for n,m:
(1) The family (fn,n)n∈N is an orthonormal basis for L2(R2).
(2) For all n,m,p,q we have 〈fn,m,fp,q〉 = δpn δqm.
(3) For all n,m,p,q ∈N we have fn,m  fp,q = δpmfn,q .
As a result, we have an important matrix representation of (S, ) [14,5]. Let Mθ be the algebra
of so-called rapid-decay infinite matrices, i.e. the set of doubly indexed sequences (am,n)m,n∈N
of complex numbers such that for all k ∈ N the series ∑m,n∈N θ2k(m + 1)k(n + 1)k|am,n|2
converges. Thanks to this regularity condition, one may define the product (am,n)m,n∈N ∗
(bm,n)m,n∈N = (∑j∈N anjbjm)m,n∈N for all (am,n)m,n∈N, (bm,n)m,n∈N ∈Mθ . With the obvious
definition for adjoint, (Mθ ,∗) is a *-associative algebra. Moreover, the map:
Υθ : c ∈ S →
(〈c,fm,n〉)m,n∈N ∈Mθ (4.4)
is an isomorphism of *-algebras. A first consequence of this isomorphism is that since Mθ acts
naturally on 2(N) as Hilbert–Schmidt operators, hence compact operators, Υ defines essentially
a representation of Sθ on 2(N) by compact operators. In particular, Mθ inherits a C∗-norm
‖ · ‖Mθ , namely the operator norm for its action on 2(N).
One may then define a C∗-norm on Sθ so that Υθ is an isometry from this norm to ‖ · ‖Mθ .
As a result, the C∗-completion Mθ of Sθ is *-isomorphic to the C∗-completion of (Mθ ,∗), i.e.
the compact operators.
On the other hand, there exists a natural spectral triple on Mθ . First, let π be the representation
f ∈ Sθ → [g ∈ L2(R2) → f  g] – one checks this is a well-defined *-representation and can
be extended to Mθ . For any nonzero vector u ∈ R2, we write ∂ for the directional derivative∂u
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∂(
√
2
2 ,
√
2
2 )
=
√
2
2 (
∂
∂(1,0) − i ∂∂(0,1) ) on L2(R2). Then we define the following operators on L2(R2)⊗C2:
∀c ∈Mθ , Π(c) =
(
π(c) 0
0 π(c)
)
, D = −i√2
(
0 ∂
∂ 0
)
.
Then by [13] (Sθ ,Π,D) is a candidate for a spectral triple for the Moyal plane Mθ .
In particular, Π is a *-representation of Mθ on L2(R2) ⊗ C2, and the set {a ∈ sa(Sθ ):
‖[Π(a),D]‖B(L2(R2⊗C2)) < ∞} = sa(Sθ ) is norm dense in Mθ . Moreover, since Π is faithful,
one checks that for all a ∈ Sθ , if [Π(a),D] = 0 then a = 0 [13].
Our interest lies with the Lipschitz pair (Mθ ,Lθ ) where
Lθ : c ∈ Sθ →
∥∥[D,Π(c)]∥∥
B(L2(R2)⊗C2). (4.5)
We extract the following result from [5], which contains the part of their computation which
is enough for our conclusion.
Theorem 4.8. (See [5].) Let θ > 0 and a ∈ sa(Sθ ). Let
(am,n)m,n∈N = Υθ(a),
(αm,n)m,n∈N = Υθ(∂a),
(βm,n)m,n∈N = Υθ(∂a),
with Υθ defined by Eq. (4.4). Then:
(1) (Proposition 3.3 in [5]) For all m,n ∈N with n+m> 0, we have
an,m = a0,0δmn +
√
θ
min{m,n}∑
k=0
αn−k,m−k−1 + βn−k−1,m−k√
n− k + √m− k
where δ is the Kronecker symbol.
(2) (Lemma 3.4 in [5]) If Lθ (a) 1 then for all n,m ∈N we have
max
{|αn,m|, |βn,m|}
√
2
2
.
We now prove that the spectral triple constructed in [13,5] provides a quantum locally
compact metric space structure to the Moyal plane. To this end, the obvious topography is
given by choosing the maximal Abelian C∗-subalgebra D of Mθ generated by {fn,n: n ∈ N},
which is C∗-algebra of compact diagonal operators for the base (fn,n)n∈N of L2(R2). Note that
D∼= c0(Z). With this in mind, we have:
Theorem 4.9. Let θ > 0 and Mθ be the θ -Moyal plane. Then (Mθ ,Lθ ,D) is a quantum locally
compact separable metric space.
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which is dense in Mθ . Moreover, D contains the approximate unit (
∑n
k=0 fk,k)n∈N for Mθ , so
(Mθ ,Lθ ,D) is a Lipschitz triple.
Let μ be defined by μ(a) = 〈af0,0, f0,0〉 for all a ∈ Mθ . Note that μ is a local state, since
f0,0 ∈ D and μ(f0,0) = 1. Now, if a ∈ sa(uMθ ) then a = b + λ1uMθ for some λ ∈ R. By
definition, Lθ (a) 1 if and only if b ∈ Sθ and Lθ (b) 1. Let
(an,m)n,m∈N = Υθ(a),
(bn,m)n,m∈N = Υθ(b),
(αn,m)n,m∈N = Υ (∂a) = Υ (∂b),
(βn,m)n,m∈N = Υ (∂a) = Υ (∂b).
By Theorem 4.8, we have
bn,m = b0,0δmn +
√
θ
min{m,n}∑
k=0
αn−k,m−k−1 + βn−k−1,m−k√
n− k + √m− k .
Hence, if μ(a) = 0, then λ = −b0,0 and we get
a = √θ
min{m,n}∑
k=0
αn−k,m−k−1 + βn−k−1,m−k√
n− k + √m− k .
By Theorem 4.8, we then see that if a ∈ sa(uMθ ) with Lθ (a) 1 and μ(a) = 0 then, for all
n,m ∈N we have
|an,m| 2
√
2θ
(
min{m,n}∑
k=0
1√
m− k + √n− k
)
. (4.6)
Since σ(D) = Z, a subset K ⊆ σ(D) is compact if and only if it is finite, and the projection χK
is the finite rank projection ∑n∈K fn,n. We thus have, for all a ∈ L1(Mθ ,Lθ ,μ):∥∥∥∥
( ∑
n∈K
fn,n
)
a
( ∑
n∈K
fn,n
)∥∥∥∥
Mθ

∑
n∈K
∑
m∈K
∥∥Υθ(fn,nafm,m)∥∥B(2(N))
=
∑
n∈K
∑
m∈K
|am,n|
which is uniformly bounded over L1(Mθ ,Lθ ,D) by Inequation (4.6). Since the set χKL1(Mθ ,
Lθ ,D)χK is a bounded subset of the finite dimensional C∗-algebra χKMθχK (of dimen-
sion |K|2, to be precise), it is a precompact set. Thus by Theorem 3.9, the Lipschitz triple
(Mθ ,Lθ ,D) is a quantum locally compact metric space. 
The quantum locally compact metric space (Mθ ,Lθ ,D) has infinite diameter, as shown for
instance in Proposition 3.6 in [5], where a sequence (ωn)n∈N of pure states of the Moyal plane
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√
θ
2
∑n
k=1 1√k for all n ∈ N, so (ωn)n∈N is an unbounded
sequence in (S (Mθ ),mkLθ ). Thus, this example provides us with a solid, natural example for
the theory of this paper. We leave the study of other examples for subsequent papers.
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